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data-sparse
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"Work smart, not hard." -A.P. Morgenstern
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Discover/observe structures

Understand them

Exploit them

X A
B⇤
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Low rank structure is one kind of data-sparsity
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ZOLOTAREV RATIONALS, COMPLEX ANALYSIS, AND LOW RANK METHODS

Y. I. Zolotarev

Zolotarev’s approximation problems are central in many
applications in computational math and numerical linear algebra...

<latexit sha1_base64="zxF0e87i7ym+4qFn7tu7Z/e7IgY="></latexit>

T. Ganelius E.B. Christoffel K.H. Schwarz

Progress on these problems requires us to venture into the complex plane.

<latexit sha1_base64="0RejfPLatPHmPZeJ/qum8ylhqMk="></latexit>



ZOLOTAREV RATIONAL FUNCTIONS IN SCIENTIFIC COMPUTING

• Compression properties in tensors/tensor train compression.

<latexit sha1_base64="knt+fuVWED9JNXGw+dg9AIY5VPQ="></latexit>

• Fast solvers for certain linear systems Xy = b.

<latexit sha1_base64="hlFXwfTlOz1iSCA5lvhypBHyQYA="></latexit>

• Optimal complexity solvers for some elliptic PDEs.

<latexit sha1_base64="quTxTxAnldnOPsaIN8mAoeaqyjA="></latexit>

[Druskin, Knizhnerman and Simoninci (2011), Beckermann (2011)]

[Olver and Townsend (2013) , Fortunato and Townsend (2018), Townsend, W., Wright (2016,2017), 

 Boulle and Townsend (2019)]

[Townsend and Shi, 2021]

[Martinsson, Rokhlin, and Tygert (2005), Chandrasekaran, Gu, Xia, and Zhu (2007), Xia, Xi, and Gu (2012), 

Beckermann, Kressner and W. (2021).]

[Benner, Bujanović, Kürshcher, and Saak (2018), Wong and Balakrishnan (2005).]

[ Nakatsukasa and Freund (2016)]

• Solvers for PDEs involving the fractional Laplacian.

<latexit sha1_base64="t4ExPa+qvk6kepZ6m/GzETMlCDc="></latexit>

[Chen, Martinsson, W. ]

• E�cient solvers for Sylvester and Ricatti matrix equations.

<latexit sha1_base64="a5hZqdrH1yYfsKT59wlv6jM36Gs="></latexit>

• Singular value decay in matrices with displacement structure.

<latexit sha1_base64="zxkV41WLqwMaBzovjZm9ME72kJU="></latexit>

• Matrix evaluation of sign, square root, absolute value, inversion functions.

<latexit sha1_base64="XLQeDCRlY6JyelElZlsxOG2fDOM="></latexit>

• Analysis of iterative solvers for matrix equations.

<latexit sha1_base64="lRlPcGQDN5XvJSQlsFlXnwBjT+c="></latexit>

• Digital filters in signal processing.

<latexit sha1_base64="SBr8hfy7zmbqjI6nUv8dltaLOj8="></latexit>

• Divide-and-conquer eigensolvers, polar decomposition algorithms.

<latexit sha1_base64="yyMDgEuM17f5p69SWZKhxuDK2JU="></latexit>

[(Gawlik and Nakatsukasa, 2019), (Hale, Higham, and Trefethen 2007)] 

[Beckermann and Townsend (2019), Sabino (2006), Rubin, Townsend and W. (2021) ]

[ Daniels, R. (1974)]



ZOLOTAREV RATIONAL FUNCTIONS IN SCIENTIFIC COMPUTING
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ZOLOTAREV’S RATIONAL FUNCTIONS
THE 3RD PROBLEM

Y. I. Zolotarev

find a rational function r 2 Rk that minimizes the ratio

<latexit sha1_base64="XVVPL12DWpx+0ZHfLHlc0goZ0rs="></latexit>

supz2E |r(z)|
infz2G |r(z)| .

<latexit sha1_base64="6s28LCccOlokGTDmSpUSYcnIEJY=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIdVNmpFKXRRFdVrAX6Awlk2ba0ExmSDJCO51HceOruHGhiO70acz0Atr6Q+DPd84hOb8bMiqVaX4ZmZXVtfWN7GZua3tndy+/f9CQQSQwqeOABaLlIkkY5aSuqGKkFQqCfJeRpju4SuvNByIkDfi9GobE8VGPU49ipDTq5Cu2JxCOoS2jsBOPoE05vE7gWBRHp+MkTu/enN/MOUxKnXzBLJkTwWVjzUwBzFTr5D/tboAjn3CFGZKybZmhcmIkFMWMJDk7kiREeIB6pK0tRz6RTjxZMIEnmnShFwh9uIIT+nsiRr6UQ9/VnT5SfblYS+F/tXakvAsnpjyMFOF4+pAXMagCmKYFu1QQrNhQG4QF1X+FuI90YkpnmtMhWIsrL5vGWckql87vyoXq5SyOLDgCx6AILFABVXALaqAOMHgEz+AVvBlPxovxbnxMWzPGbOYQ/JHx/QM0TaJa</latexit>

Given disjoint sets E and G in C,

<latexit sha1_base64="e44n7f3SQXyfNmyFFTF61LYp/P8=">AAACGXicbVDLSgMxFM3UV62vUZdugh3BhZSZouiyWKQuK9gHtKVk0ts2NpMZkkyhDP0NN/6KGxeKuNSVf2P6WGjrgcDhnHvJucePOFPadb+t1Mrq2vpGejOztb2zu2fvH1RVGEsKFRryUNZ9ooAzARXNNId6JIEEPoeaPyhO/NoQpGKhuNejCFoB6QnWZZRoI7Vtt8SGIHCHqYeQCY0VaIWdGwcT0cFOycFMYKcZEN33/aQ4ds7adtbNuVPgZeLNSRbNUW7bn81OSOMAhKacKNXw3Ei3EiI1oxzGmWasICJ0QHrQMFSQAFQrmV42xidG6eBuKM0z6abq742EBEqNAt9MTjKqRW8i/uc1Yt29aiVMRLEGQWcfdWOOdYgnNZlCJFDNR4YQKpnJimmfSEK1KTNjSvAWT14m1XzOO89d3OWzhet5HWl0hI7RKfLQJSqgW1RGFUTRI3pGr+jNerJerHfrYzaasuY7h+gPrK8fonyeLA==</latexit>

Zk(E,G) := inf
supz2E |r(z)|
infz2G |r(z)| .

<latexit sha1_base64="y9xW29W0nBKNcXR9b00cGJrrWHc="></latexit>

The kth Zolotarev number associated with E and G:

<latexit sha1_base64="IomwEbFiEnksZ81Vc4LR3vaRCDk=">AAACIHicbVDLSgMxFM34tr6qLt0EO4KrMiOK4koU0aVCq2It5U7m1oZmMkNyRynFT3Hjr7hxoYju9GtMHwtfBwKHc85Nck+UKWkpCD68kdGx8YnJqenCzOzc/EJxcenMprkRWBWpSs1FBBaV1FglSQovMoOQRArPo/ZBzz+/QWNlqivUybCewLWWTSmAnNQobldayP22Ty1+6cIEBm+4zpMIDQdrUyGBMOa30gX8Q5+Djrl/5O82iqWgHPTB/5JwSEpsiJNG8f0qTkWeoCah3M21MMio3gVDUii8K1zlFjMQbbjGmqMaErT1bn/BO77mlJg3U+OOJt5Xv090IbG2k0QumQC17G+vJ/7n1XJq7tS7Umc5oRaDh5q54pTyXls8lgYFqY4jIIx0f+WiBQYEuU4LroTw98p/ydlGOdwsb51ulPb2h3VMsRW2ytZZyLbZHjtmJ6zKBLtnj+yZvXgP3pP36r0NoiPecGaZ/YD3+QVtiaE7</latexit>

E

<latexit sha1_base64="VvSNSzKxQn0Sy+jMZVdcTrEh8D0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FETxWtLbQhrLZbtqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dnIrq2vrG/nNwtb2zu5ecf/g0cSpZrzBYhnrVkANl0LxBgqUvJVoTqNA8mYwvJ76zSeujYjVA44S7ke0r0QoGEUr3Zdvyt1iya24M5Bl4mWkBBnq3eJXpxezNOIKmaTGtD03QX9MNQom+aTQSQ1PKBvSPm9bqmjEjT+enTohJ1bpkTDWthSSmfp7YkwjY0ZRYDsjigOz6E3F/7x2iuGlPxYqSZErNl8UppJgTKZ/k57QnKEcWUKZFvZWwgZUU4Y2nYINwVt8eZk8ViveWeX8rlqqXWVx5OEIjuEUPLiAGtxCHRrAoA/P8ApvjnRenHfnY96ac7KZQ/gD5/MHUmuNKw==</latexit>

G
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THE 3RD PROBLEM
Y. I. Zolotarev

ZOLOTAREV’S RATIONAL FUNCTIONS

When E,G are disjoint disks in C:

<latexit sha1_base64="8ak3u5lMNKUdDa1LEaT/uGc5Wns="></latexit>

• Zk(E,G)  4h�k

<latexit sha1_base64="QY6Yr67biJ9arsRRShWC3SgSNWM="></latexit>

When E,G are disjoint intervals on the real line:

<latexit sha1_base64="c6NeoU3lO6G5dDMLmhL/9mMGnLY="></latexit>

• Zk(E,G) given by an infinite product, poles and zeros of rk known.

<latexit sha1_base64="mbq5vRTBFovXebjr55h/P8NKHb4="></latexit>

• h�k  Zk(E,G)

<latexit sha1_base64="aD91FtBf48mEOTWPV7ID+R37Zo4="></latexit>

• limk!1(Zk(E,G))1/k = h�1

<latexit sha1_base64="jBHdQFAW0sKHne/cWbxXE5E5PFk="></latexit>

Key connection:
h = exp(1/cap(E,G))

<latexit sha1_base64="sSRXyhEkPtdRKEPuYKNN12DOezM=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQgtQZqehGKIrosoJ9QGcomTRtQzOZkGTEMnTlxl9x40IRt36DO//GtJ2FVg9cOJxzL/feEwhGlXacLyszN7+wuJRdzq2srq1v2JtbdRXFEpMajlgkmwFShFFOappqRppCEhQGjDSCwcXYb9wRqWjEb/VQED9EPU67FCNtpLa924dn0CP3ogDdw8STIcRIjAqXB/CqCIttO++UnAngX+KmJA9SVNv2p9eJcBwSrjFDSrVcR2g/QVJTzMgo58WKCIQHqEdahnIUEuUnkzdGcN8oHdiNpCmu4UT9OZGgUKlhGJjOEOm+mvXG4n9eK9bdUz+hXMSacDxd1I0Z1BEcZwI7VBKs2dAQhCU1t0LcRxJhbZLLmRDc2Zf/kvpRyS2Xjm/K+cp5GkcW7IA9UAAuOAEVcA2qoAYweABP4AW8Wo/Ws/VmvU9bM1Y6sw1+wfr4BplilgQ=</latexit>

• Zk(E,G) = h�k, poles and zeros of rk known.

<latexit sha1_base64="6KhX2wHupn0E5HyYL3yvYKHYGbs="></latexit>

[(Zolotarev, 1877) (Starke, 1992) (Sabino, 2006), (Beckermann & Townsend, 2019), (Braess & Hackbusch, 2016), (Gončar, 1969) ] 

E,G where C \ E [G is doubly connected:

<latexit sha1_base64="T7WL/afWnYDz4KKW13vbEHcYux4="></latexit>



ZOLOTAREV’S RATIONAL FUNCTIONS
THE 4TH PROBLEM

Y. I. Zolotarev
Given sets E and G in C,

<latexit sha1_base64="HFj9bz1KI9mTvua5vRRAHQ6YcSk=">AAACEXicbVDLSgNBEJyNrxhfqx69DGaFHCTsBkWPwSDxGME8IAlhdtJJhszOLjOzgbDkF7z4K148KOLVmzf/xsnjoIkFDUVVN91dfsSZ0q77baXW1jc2t9LbmZ3dvf0D+/CopsJYUqjSkIey4RMFnAmoaqY5NCIJJPA51P1haerXRyAVC8WDHkfQDkhfsB6jRBupY+fKbAQCK9AKO7cOJqKLnbKDmcBOKyB64PtJaeKc446ddfPuDHiVeAuSRQtUOvZXqxvSOAChKSdKNT030u2ESM0oh0mmFSuICB2SPjQNFSQA1U5mH03wmVG6uBdKU0Ljmfp7IiGBUuPAN53TI9WyNxX/85qx7l23EyaiWIOg80W9mGMd4mk8uMskUM3HhhAqmbkV0wGRhGoTYsaE4C2/vEpqhbx3kb+8L2SLN4s40ugEnaIc8tAVKqI7VEFVRNEjekav6M16sl6sd+tj3pqyFjPH6A+szx/J65p4</latexit>

where

<latexit sha1_base64="g34/Ry75Lm/MUI4z3UnJL2cK4Xk=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGC/YA2lM120q7dZMPuRimh/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2tUwVwwaTQqp2QDUKHmPDcCOwnSikUSCwFYxupn7rEZXmMr434wT9iA5iHnJGjZWaT0NUSHqlsltxZyDLxMtJGXLUe6Wvbl+yNMLYMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYsjWmE2s9m107IqVX6JJTKVmzITP09kdFI63EU2M6ImqFe9Kbif14nNeGVn/E4SQ3GbL4oTAUxkkxfJ32ukBkxtoQyxe2thA2poszYgIo2BG/x5WXSrFa888rFXbVcu87jKMAxnMAZeHAJNbiFOjSAwQM8wyu8OdJ5cd6dj3nripPPHMEfOJ8/UuyO9w==</latexit>

max
z2E[G

|sgn(z)� r̂(z)|,

<latexit sha1_base64="JREy4etd6UKAF9oTE4gxF5sV/lQ=">AAACHXicbVDLSgMxFM34tr5GXbq5WAQFLTNS0WVRRJcK1hY6pWTStA1NMkOSEdvp/Igbf8WNC0VcuBH/xrR24evAhZNz7iX3njDmTBvP+3AmJqemZ2bn5nMLi0vLK+7q2rWOEkVomUQ8UtUQa8qZpGXDDKfVWFEsQk4rYfdk6FduqNIsklemF9O6wG3JWoxgY6WGWwwEvm2kfQiYhNOAJDGcZTCANFACdFtm2/0d2IOgg02qRo/BLjTcvFfwRoC/xB+TPBrjouG+Bc2IJIJKQzjWuuZ7samnWBlGOM1yQaJpjEkXt2nNUokF1fV0dF0GW1ZpQitStqSBkfp9IsVC654IbafApqN/e0PxP6+WmNZRPWUyTgyV5OujVsLBRDCMCppMUWJ4zxJMFLO7AulghYmxgeZsCP7vk/+S6/2CXywcXBbzpeNxHHNoA22ibeSjQ1RC5+gClRFBd+gBPaFn5955dF6c16/WCWc8s45+wHn/BGTZoDY=</latexit>

find a rational function r̂ 2 Rk that minimizes the error

<latexit sha1_base64="2Kx9qKL7jg6bZ1RiytK/SjUE34o="></latexit>

sgn(z) =

(
1, z 2 E,

�1, z 2 G.

<latexit sha1_base64="LEOMElOnxJkgGbqh+9DSPsPyNgQ="></latexit>

⌧k(E,G) := min
r̂2Rk

max
z2E[G

|sgn(z)� r̂|

<latexit sha1_base64="fUggkgD+2C0mnTd1Tct+oJq9kUw="></latexit>

=
2
p

Zk(E,G)

1 + Zk(E,G)
.
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[(Achieser, 1956) (Istace & Thiran, 1995)] 
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<latexit sha1_base64="iYoXtIDH7/wLb15trIMzizPTxq8=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTui0ZJooSVGERK4kL1lDzbs7V1250wI4SfYWGiMrb/Izn/jAlco+JJJXt6bycy8IJHCoOt+O7mV1bX1jfxmYWt7Z3evuH/waOJUM95gsYx1K6CGS6F4AwVK3ko0p1EgeTMYXk/95hPXRsTqAUcJ9yPaVyIUjKKV7ss35W6x5FbcGcgy8TJSggz1bvGr04tZGnGFTFJj2p6boD+mGgWTfFLopIYnlA1pn7ctVTTixh/PTp2QE6v0SBhrWwrJTP09MaaRMaMosJ0RxYFZ9Kbif147xfDSHwuVpMgVmy8KU0kwJtO/SU9ozlCOLKFMC3srYQOqKUObTsGG4C2+vEweqxXvrHJ+Vy3VrrI48nAEx3AKHlxADW6hDg1g0IdneIU3RzovzrvzMW/NOdnMIfyB8/kDVXWNLQ==</latexit>



rank(C) = 100

rank✏(C) = 9

= A
B⇤

⇢ cols

Y

rank(Y )  ⇢

⇡X A
B⇤

⇢ cols

rank✏(X)  ⇢

�⇢+1(X) = min{kX � Y k2, rank(Y ) = ⇢}

rank✏(X) = smallest ⇢ where �⇢+1(X)  "kXk2

 LOW RANK APPROXIMATION 



A matrix X 2 Cm⇥n is said to have (A,B) displacement structure if

<latexit sha1_base64="HOthL5o+AwMzowqcLfpIDQB1LbY="></latexit>

AX �XB = F ,

<latexit sha1_base64="vZ3lBkAtVZ+BXKgIYEnDlEBbzLM=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LLaCBy1JUfQi1ArisYJtA20sm+22XbrZhN2NUkL/hxcPinj1v3jz37htc9Dqg4HHezPMzPMjzpS27S8rs7C4tLySXc2trW9sbuW3dxoqjCWhdRLyULo+VpQzQeuaaU7dSFIc+Jw2/eHVxG8+UKlYKO70KKJegPuC9RjB2kj3xUsXHSO3ii7QdfGoky/YJXsK9Jc4KSlAilon/9nuhiQOqNCEY6Vajh1pL8FSM8LpONeOFY0wGeI+bRkqcECVl0yvHqMDo3RRL5SmhEZT9edEggOlRoFvOgOsB2rem4j/ea1Y9869hIko1lSQ2aJezJEO0SQC1GWSEs1HhmAimbkVkQGWmGgTVM6E4My//Jc0yiXnpHR6Wy5UqmkcWdiDfTgEB86gAjdQgzoQkPAEL/BqPVrP1pv1PmvNWOnMLvyC9fENc8yP4w==</latexit>

A 2 Cm⇥m,

<latexit sha1_base64="cU5Us046krEXwi3+nTtdMMbVqjY=">AAACLHicbVDLSgMxFM3UV62vqks3wbbgQspMUXRZ243LCvYBnbFk0rQNTTJDkhHKMB/kxl8RxIVF3PodZtoK2nrhwuGcc7n3Hj9kVGnbnlqZtfWNza3sdm5nd2//IH941FJBJDFp4oAFsuMjRRgVpKmpZqQTSoK4z0jbH9dTvf1IpKKBuNeTkHgcDQUdUIy0oXr5evEGulRAlyM98v24njzEHLqacqIgT4rnsFSsrTjEj0Okjl6+YJftWcFV4CxAASyq0cu/uv0AR5wIjRlSquvYofZiJDXFjCQ5N1IkRHiMhqRroEBmlRfPnk1gyTB9OAikaaHhjP09ESOu1IT7xplerJa1lPxP60Z6cO3FVISRJgLPFw0iBnUA0+Rgn0qCNZsYgLCk5laIR0girE2+OROCs/zyKmhVys5F+fKuUqjWFnFkwQk4BWfAAVegCm5BAzQBBk/gBbyDqfVsvVkf1ufcmrEWM8fgT1lf33hCpe0=</latexit>

B 2 Cn⇥n,

<latexit sha1_base64="J+DGAafA2mEtNJOuYo4B7/vJiK0=">AAACC3icbVC7TsMwFHXKq5RXgJHFaovEgKqkAsFYtQtjkehDakLluE5r1XEi20Gqouws/AoLAwix8gNs/A1OmwFajmTp+Jx7de89XsSoVJb1bRTW1jc2t4rbpZ3dvf0D8/CoK8NYYNLBIQtF30OSMMpJR1HFSD8SBAUeIz1v2sr83gMRkob8Ts0i4gZozKlPMVJaGpplWG1Ch3LoBEhNPC9ppfeJ/ikaEAl5Wj2HQ7Ni1aw54Cqxc1IBOdpD88sZhTgOCFeYISkHthUpN0FCUcxIWnJiSSKEp2hMBppypEe5yfyWFJ5qZQT9UOjHFZyrvzsSFEg5CzxdmW0sl71M/M8bxMq/dhPKo1gRjheD/JhBFcIsGDiigmDFZpogLKjeFeIJEggrHV9Jh2Avn7xKuvWafVG7vK1XGs08jiI4AWVwBmxwBRrgBrRBB2DwCJ7BK3gznowX4934WJQWjLznGPyB8fkDZamZYw==</latexit>

and F 2 Cm⇥n.

<latexit sha1_base64="ZivDz6Dg1mUV5iRseKL2g1Ap2FY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g63gKiRF0WWxIC4r2Ac0sUwmk3boZBJmJkIJ/QE3/oobF4q4de/Ov3HSZqGtBy4czrmXe+/xE0alsu1vo7Syura+Ud6sbG3v7O6Z+wcdGacCkzaOWSx6PpKEUU7aiipGeokgKPIZ6frjZu53H4iQNOZ3apIQL0JDTkOKkdLSwKwhHsDaNXQph26E1Mj3s+b0Pougq2hEJOTTmjUwq7ZlzwCXiVOQKijQGphfbhDjNCJcYYak7Dt2orwMCUUxI9OKm0qSIDxGQ9LXlCO9yctm30zhiVYCGMZCF1dwpv6eyFAk5STydWd+sFz0cvE/r5+q8NLLKE9SRTieLwpTBlUM82hgQAXBik00QVhQfSvEIyQQVjrAig7BWXx5mXTqlnNmnd/Wq42rIo4yOALH4BQ44AI0wA1ogTbA4BE8g1fwZjwZL8a78TFvLRnFzCH4A+PzB3akmo8=</latexit>

where

<latexit sha1_base64="Ppbe2WeN0SpZrw7RsnCsUrV+/zI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48VTFtoQ9lsJ+3SzSbsbpRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/Nbj6g0T+SDGacYxHQgecQZNVbyn4aosFeuuFV3DrJKvJxUIEejV/7q9hOWxSgNE1TrjuemJphQZTgTOC11M40pZSM6wI6lksaog8n82Ck5s0qfRImyJQ2Zq78nJjTWehyHtjOmZqiXvZn4n9fJTHQdTLhMM4OSLRZFmSAmIbPPSZ8rZEaMLaFMcXsrYUOqKDM2n5INwVt+eZU0a1Xvonp5X6vUb/I4inACp3AOHlxBHe6gAT4w4PAMr/DmSOfFeXc+Fq0FJ585hj9wPn8A+1aOzQ==</latexit>

Related formulations:

<latexit sha1_base64="gR7/ac/YwlBqP8PthmKOYDoAv/A=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4KklRFFdFNy6r2Ae0oUwmN+3QySTMTIQSunbjr7hxoYhbv8Cdf+MkzUJbDwwczjmXufd4MaNS2fa3UVpaXlldK69XNja3tnfM3b22jBJBoEUiFomuhyUwyqGlqGLQjQXg0GPQ8cbXmd95ACFpxO/VJAY3xENOA0qw0tLAPOwn3AeRjad3wLAC3woiESYsD8jL6cCs2jU7h7VInIJUUYHmwPzq+xFJQuCKMCxlz7Fj5aZYKEoYTCv9REKMyRgPoacpxyFIN81PmVrHWsk30I8rK1d/T6Q4lHISejoZYjWS814m/uf1EhVcuCnlcaKAk9lHQcIsFVlZL5ZPBRDFJppgIqje1SIjLDBRur2KLsGZP3mRtOs157R2dluvNq6KOsroAB2hE+Sgc9RAN6iJWoigR/SMXtGb8WS8GO/GxyxaMoqZffQHxucPXUqbUw==</latexit>

Ax1 = f1, Ax2 = f2, . . . , Axn = fn

<latexit sha1_base64="Y2RhDNpuaqFoQRbhHcAESxddOM4=">AAACE3icbZDLSgMxFIYz9VbrrerSTbAIIqXMlIpuhKoblxXsBdphyGQybWgmGZKMWErfwY2v4saFIm7duPNtTKez0NYfAh//OYeT8/sxo0rb9reVW1peWV3Lrxc2Nre2d4q7ey0lEolJEwsmZMdHijDKSVNTzUgnlgRFPiNtf3g9rbfviVRU8Ds9iokboT6nIcVIG8srnlw+eA68gKHnlKHhasrVMuyxQGiVejz1THPJrtip4CI4GZRApoZX/OoFAicR4RozpFTXsWPtjpHUFDMyKfQSRWKEh6hPugY5iohyx+lNE3hknACGQprHNUzd3xNjFCk1inzTGSE9UPO1qflfrZvo8NwdUx4nmnA8WxQmDGoBpwHBgEqCNRsZQFhS81eIB0girE2MBROCM3/yIrSqFadWOb2tlepXWRx5cAAOwTFwwBmogxvQAE2AwSN4Bq/gzXqyXqx362PWmrOymX3wR9bnD9v1mm0=</latexit>

AX = F

<latexit sha1_base64="05i+2ooM4AeDToRf3UE6jBPUR+M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVFr0IVUE8VrAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5ldW19Y38ZmFre2d3r7h/0NQyUYQ2iORStQOsKWeCNgwznLZjRXEUcNoKRjdTv/VElWZSPJhxTP0IDwQLGcHGSs2rNrpEt71iyS27M6Bl4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsILP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukeVb2KuXqfaVUu87iyMMRHMMpeHAONbiDOjSAwCM8wyu8OdJ5cd6dj3lrzslmDuEPnM8f/qaOGg==</latexit>

!

<latexit sha1_base64="Y99fyGOX1zwguznAlxuABT2srkw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhx7G/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2GBjd8=</latexit>

Block linear equations

<latexit sha1_base64="EpEdflGdJcvCtb3ftTiDkPZbmUg=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJUXRZ6sZlBfuANpTJdNIOnUzizEQotQt/xY0LRdz6G+78GydpFtp6YOBwzj3cO8ePOVPacb6twsrq2vpGcbO0tb2zu2fvH7RUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y+vU7/9QKVikbjTk5h6IR4KFjCCtZH69lGdR2SM0jiWiN4nma76dtmpOBnQMnFzUoYcjb791RtEJAmp0IRjpbquE2tviqVmhNNZqZcoGmMyxkPaNVTgkCpvmt0/Q6dGGaAgkuYJjTL1d2KKQ6UmoW8mQ6xHatFLxf+8bqKDK2/KRJxoKsh8UZBwpCOUloEGTFKi+cQQTCQztyIywhITbSormRLcxS8vk1a14p5XLm6r5Vo9r6MIx3ACZ+DCJdTgBhrQBAKP8Ayv8GY9WS/Wu/UxHy1YeeYQ/sD6/AHqJ5YM</latexit>

!

<latexit sha1_base64="TaRIvkeClws3/Z9+NU4YF1yDkEo=">AAAB63icbVDLSgMxFL2pr1pfVZdugkVwVWZE0WXRjcsK9gHtUDJppg1NMkOSEcrQX3DjQhG3/pA7/8ZMOwttPRA4nHMvueeEieDGet43Kq2tb2xulbcrO7t7+wfVw6O2iVNNWYvGItbdkBgmuGIty61g3UQzIkPBOuHkLvc7T0wbHqtHO01YIMlI8YhTYnOpb2M8qNa8ujcHXiV+QWpQoDmofvWHMU0lU5YKYkzP9xIbZERbTgWbVfqpYQmhEzJiPUcVkcwE2fzWGT5zyhBHsXZPWTxXf29kRBozlaGblMSOzbKXi/95vdRGN0HGVZJapujioygV2CXMg+Mh14xaMXWEUM3drZiOiSbUunoqrgR/OfIqaV/U/cv61cNlrXFb1FGGEziFc/DhGhpwD01oAYUxPMMrvCGJXtA7+liMllCxcwx/gD5/ALgojgk=</latexit>

AX �XB = F

<latexit sha1_base64="hwQDvmobD9GjYroWwbN7Ls0a3xU=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBiyWRil6EWkE8VrBtIA1ls920SzfZsDsRSujP8OJBEa/+Gm/+G7dtDtr6YODx3gwz84JEcA22/W0VVlbX1jeKm6Wt7Z3dvfL+QVvLVFHWolJI5QZEM8Fj1gIOgrmJYiQKBOsEo9up33liSnMZP8I4YX5EBjEPOSVgJO/GxWfYbeBrfNcrV+yqPQNeJk5OKihHs1f+6vYlTSMWAxVEa8+xE/AzooBTwSalbqpZQuiIDJhnaEwipv1sdvIEnxilj0OpTMWAZ+rviYxEWo+jwHRGBIZ60ZuK/3leCuGVn/E4SYHFdL4oTAUGiaf/4z5XjIIYG0Ko4uZWTIdEEQompZIJwVl8eZm0z6tOrXrxUKvUG3kcRXSEjtEpctAlqqN71EQtRJFEz+gVvVlgvVjv1se8tWDlM4foD6zPH07hj1M=</latexit>

A = In ⌦A�B⇤ ⌦ Im

<latexit sha1_base64="ZZBmXhp0xy/7//QPoBtiqj2V0pI=">AAACF3icbVDLSgMxFM34rPU16tJNsAgiWGakohuhrRu7q2Af0I5DJk3b0CQzJBmhDP0LN/6KGxeKuNWdf2PaDqKtBwLnnnMvN/cEEaNKO86XtbC4tLyymlnLrm9sbm3bO7t1FcYSkxoOWSibAVKEUUFqmmpGmpEkiAeMNILB1dhv3BOpaChu9TAiHkc9QbsUI20k3863OdJ9jFhSGsFLWPEFbIeacqJgCZ7A8t3xT13xOfTtnJN3JoDzxE1JDqSo+vZnuxPimBOhMUNKtVwn0l6CpKaYkVG2HSsSITxAPdIyVCCzyUsmd43goVE6sBtK84SGE/X3RIK4UkMemM7xFWrWG4v/ea1Ydy+8hIoo1kTg6aJuzKAO4Tgk2KGSYM2GhiAsqfkrxH0kEdYmyqwJwZ09eZ7UT/NuIX92U8gVy2kcGbAPDsARcME5KIJrUAU1gMEDeAIv4NV6tJ6tN+t92rpgpTN74A+sj29d6p2I</latexit>

Ax = f ,

<latexit sha1_base64="uqKf+03LgY4wHe/lXbSiU19TWqU=">AAACDXicbVDLSsNAFL3xWesr6tLNYBVcSEmkohuh6sZlBfuAtpTJdNIOnTyYmYgl5Afc+CtuXCji1r07/8ZJGkRbDwycOede7r3HCTmTyrK+jLn5hcWl5cJKcXVtfWPT3NpuyCAShNZJwAPRcrCknPm0rpjitBUKij2H06Yzukr95h0VkgX+rRqHtOvhgc9cRrDSUs/c73hYDQnm8UWCMu648X2Czn8+bnLUM0tW2cqAZomdkxLkqPXMz04/IJFHfUU4lrJtW6HqxlgoRjhNip1I0hCTER7QtqY+9qjsxtk1CTrQSh+5gdDPVyhTf3fE2JNy7Dm6Ml1RTnup+J/XjpR71o2ZH0aK+mQyyI04UgFKo0F9JihRfKwJJoLpXREZYoGJ0gEWdQj29MmzpHFctivlk5tKqXqZx1GAXdiDQ7DhFKpwDTWoA4EHeIIXeDUejWfjzXiflM4Zec8O/IHx8Q1Ztpu9</latexit>

Sums of Kronecker products

<latexit sha1_base64="Abw2Cl1vhqxMsM6RGVD6b1mV6qk=">AAACA3icbVA9SwNBEN2LXzF+ndppsxgEq3AXFC2DNoJNRPMByRH2NnPJkr3dY3dPCCFg41+xsVDE1j9h579xk1yhiQ8GHu/NMDMvTDjTxvO+ndzS8srqWn69sLG5tb3j7u7VtUwVhRqVXKpmSDRwJqBmmOHQTBSQOOTQCAdXE7/xAEozKe7NMIEgJj3BIkaJsVLHPbhLY41lhG+UFEAHoHCiZDelRnfcolfypsCLxM9IEWWodtyvdlfSNAZhKCdat3wvMcGIKMMoh3GhnWpICB2QHrQsFSQGHYymP4zxsVW6OJLKljB4qv6eGJFY62Ec2s6YmL6e9ybif14rNdFFMGIiSQ0IOlsUpRwbiSeB4C5TQA0fWkKoYvZWTPtEEWpsbAUbgj//8iKpl0v+aenstlysXGZx5NEhOkInyEfnqIKuURXVEEWP6Bm9ojfnyXlx3p2PWWvOyWb20R84nz/YSJeq</latexit>

MATRICES WITH DISPLACEMENT STRUCTURE



stability analysis for dynamical systems • discretizations of PDEs • signal pro-
cessing and time series analysis • eigenvalue assignment problems • iterative
solvers for continuous algebraic Ricattti matrix equation • analyses/computations
involving special structured matrices (e.g., Toeplitz, Cauchy, Vandermonde)

<latexit sha1_base64="DvSHSMJN7HbK85KQAuab6x+6I0M="></latexit>

Sylvester matrix equations appear in:

<latexit sha1_base64="1Fg8MXUpfgTvgA/iQKBU87HjTb4=">AAACGnicbVDLSgMxFM3UV62vqks3wSK4KjNFUVwV3bisaB/QDiWT3rahmcyYZIrD0O9w46+4caGIO3Hj35hpZ6GtBwKHc84l9x4v5Exp2/62ckvLK6tr+fXCxubW9k5xd6+hgkhSqNOAB7LlEQWcCahrpjm0QgnE9zg0vdFV6jfHIBULxJ2OQ3B9MhCszyjRRuoWnU4keiDT8eQ25mNQGiT2iZbsAcN9NI0pTMIQiMRMXEy6xZJdtqfAi8TJSAllqHWLn51eQCMfhKacKNV27FC7CZGaUQ6TQidSEBI6IgNoGyqID8pNpqdN8JFRergfSPOExlP190RCfKVi3zNJs/RQzXup+J/XjnT/3E2YCCMNgs4+6kcc6wCnPeEek0A1jw0hVDKzK6ZDIgk1/aiCKcGZP3mRNCpl56R8elMpVS+zOvLoAB2iY+SgM1RF16iG6oiiR/SMXtGb9WS9WO/Wxyyas7KZffQH1tcP4uCh/g==</latexit>

[ (Simoncini, 2016) ] 

MATRICES WITH DISPLACEMENT STRUCTUREMATRICES WITH DISPLACEMENT STRUCTURE
A matrix X 2 Cm⇥n is said to have (A,B) displacement structure if

<latexit sha1_base64="HOthL5o+AwMzowqcLfpIDQB1LbY="></latexit>

AX �XB = F ,

<latexit sha1_base64="vZ3lBkAtVZ+BXKgIYEnDlEBbzLM=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LLaCBy1JUfQi1ArisYJtA20sm+22XbrZhN2NUkL/hxcPinj1v3jz37htc9Dqg4HHezPMzPMjzpS27S8rs7C4tLySXc2trW9sbuW3dxoqjCWhdRLyULo+VpQzQeuaaU7dSFIc+Jw2/eHVxG8+UKlYKO70KKJegPuC9RjB2kj3xUsXHSO3ii7QdfGoky/YJXsK9Jc4KSlAilon/9nuhiQOqNCEY6Vajh1pL8FSM8LpONeOFY0wGeI+bRkqcECVl0yvHqMDo3RRL5SmhEZT9edEggOlRoFvOgOsB2rem4j/ea1Y9869hIko1lSQ2aJezJEO0SQC1GWSEs1HhmAimbkVkQGWmGgTVM6E4My//Jc0yiXnpHR6Wy5UqmkcWdiDfTgEB86gAjdQgzoQkPAEL/BqPVrP1pv1PmvNWOnMLvyC9fENc8yP4w==</latexit>

A 2 Cm⇥m,

<latexit sha1_base64="cU5Us046krEXwi3+nTtdMMbVqjY=">AAACLHicbVDLSgMxFM3UV62vqks3wbbgQspMUXRZ243LCvYBnbFk0rQNTTJDkhHKMB/kxl8RxIVF3PodZtoK2nrhwuGcc7n3Hj9kVGnbnlqZtfWNza3sdm5nd2//IH941FJBJDFp4oAFsuMjRRgVpKmpZqQTSoK4z0jbH9dTvf1IpKKBuNeTkHgcDQUdUIy0oXr5evEGulRAlyM98v24njzEHLqacqIgT4rnsFSsrTjEj0Okjl6+YJftWcFV4CxAASyq0cu/uv0AR5wIjRlSquvYofZiJDXFjCQ5N1IkRHiMhqRroEBmlRfPnk1gyTB9OAikaaHhjP09ESOu1IT7xplerJa1lPxP60Z6cO3FVISRJgLPFw0iBnUA0+Rgn0qCNZsYgLCk5laIR0girE2+OROCs/zyKmhVys5F+fKuUqjWFnFkwQk4BWfAAVegCm5BAzQBBk/gBbyDqfVsvVkf1ufcmrEWM8fgT1lf33hCpe0=</latexit>

B 2 Cn⇥n,

<latexit sha1_base64="J+DGAafA2mEtNJOuYo4B7/vJiK0=">AAACC3icbVC7TsMwFHXKq5RXgJHFaovEgKqkAsFYtQtjkehDakLluE5r1XEi20Gqouws/AoLAwix8gNs/A1OmwFajmTp+Jx7de89XsSoVJb1bRTW1jc2t4rbpZ3dvf0D8/CoK8NYYNLBIQtF30OSMMpJR1HFSD8SBAUeIz1v2sr83gMRkob8Ts0i4gZozKlPMVJaGpplWG1Ch3LoBEhNPC9ppfeJ/ikaEAl5Wj2HQ7Ni1aw54Cqxc1IBOdpD88sZhTgOCFeYISkHthUpN0FCUcxIWnJiSSKEp2hMBppypEe5yfyWFJ5qZQT9UOjHFZyrvzsSFEg5CzxdmW0sl71M/M8bxMq/dhPKo1gRjheD/JhBFcIsGDiigmDFZpogLKjeFeIJEggrHV9Jh2Avn7xKuvWafVG7vK1XGs08jiI4AWVwBmxwBRrgBrRBB2DwCJ7BK3gznowX4934WJQWjLznGPyB8fkDZamZYw==</latexit>

and F 2 Cm⇥n.

<latexit sha1_base64="ZivDz6Dg1mUV5iRseKL2g1Ap2FY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g63gKiRF0WWxIC4r2Ac0sUwmk3boZBJmJkIJ/QE3/oobF4q4de/Ov3HSZqGtBy4czrmXe+/xE0alsu1vo7Syura+Ud6sbG3v7O6Z+wcdGacCkzaOWSx6PpKEUU7aiipGeokgKPIZ6frjZu53H4iQNOZ3apIQL0JDTkOKkdLSwKwhHsDaNXQph26E1Mj3s+b0Pougq2hEJOTTmjUwq7ZlzwCXiVOQKijQGphfbhDjNCJcYYak7Dt2orwMCUUxI9OKm0qSIDxGQ9LXlCO9yctm30zhiVYCGMZCF1dwpv6eyFAk5STydWd+sFz0cvE/r5+q8NLLKE9SRTieLwpTBlUM82hgQAXBik00QVhQfSvEIyQQVjrAig7BWXx5mXTqlnNmnd/Wq42rIo4yOALH4BQ44AI0wA1ogTbA4BE8g1fwZjwZL8a78TFvLRnFzCH4A+PzB3akmo8=</latexit>

where

<latexit sha1_base64="Ppbe2WeN0SpZrw7RsnCsUrV+/zI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48VTFtoQ9lsJ+3SzSbsbpRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/Nbj6g0T+SDGacYxHQgecQZNVbyn4aosFeuuFV3DrJKvJxUIEejV/7q9hOWxSgNE1TrjuemJphQZTgTOC11M40pZSM6wI6lksaog8n82Ck5s0qfRImyJQ2Zq78nJjTWehyHtjOmZqiXvZn4n9fJTHQdTLhMM4OSLRZFmSAmIbPPSZ8rZEaMLaFMcXsrYUOqKDM2n5INwVt+eZU0a1Xvonp5X6vUb/I4inACp3AOHlxBHe6gAT4w4PAMr/DmSOfFeXc+Fq0FJ585hj9wPn8A+1aOzQ==</latexit>



A and B are sparse, banded, or structured, so that

<latexit sha1_base64="AXkJE75OQGr8O1l570sIIBCWVUA="></latexit>

fast shifted inverts/matrix-vector

<latexit sha1_base64="l56E+X2KHZ/TOhVAm/y5hkTEz1U=">AAACJXicbVC7TgMxEPTxDOEVoKSxiJBoCHcIBAVFBA0lSASQQhTt+faIhc8+2XsRUcTP0PArNBQghETFr+CEFLy2Gs3M2rMT50o6CsP3YGx8YnJqujRTnp2bX1isLC2fO1NYgQ1hlLGXMThUUmODJCm8zC1CFiu8iG+OBvpFF62TRp9RL8dWBtdaplIAeapdOUjBEXcdmRImXGrvJbeVAVl5u9lFQcby9dyapBDkOFjk0AWpwL9f4+1KNayFw+F/QTQCVTaak3bl5SoxoshQk1DgXDMKc2r1wZIUCu/KV4XDHMQNXGPTQw0ZulZ/eOUdX/dMwlMfKDWa+JD9vtGHzLleFnunz99xv7UB+Z/WLCjdb/WlzgtCLb4+SgvFyfBBZTyR1heheh6AsNJn5aIDFgT5Ysu+hOj3yX/B+XYt2qntnm5X64ejOkpsla2xDRaxPVZnx+yENZhg9+yRPbOX4CF4Cl6Dty/rWDDaWWE/Jvj4BAjcpY0=</latexit>

products are available.

<latexit sha1_base64="4TyqpwBy1wMaR1YqFRd9fVuQOfQ=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5AURZdFNy4r2Ae0odxMJu3QSSbMTAol1I2/4saFIm79C3f+jdM2C209MHA45x7u3BOknCntut/Wyura+sZmaau8vbO7t28fHDaVyCShDSK4kO0AFOUsoQ3NNKftVFKIA05bwfB26rdGVComkgc9TqkfQz9hESOgjdSzj1MpwoxohUFSDCNgHEzWwT274jruDHiZeAWpoAL1nv3VDQXJYppowkGpjuem2s9BakY4nZS7maIpkCH0acfQBGKq/Hx2wQSfGSXEkZDmJRrP1N+JHGKlxnFgJmPQA7XoTcX/vE6mo2s/Z0maaZqQ+aIo41gLPK0Dh0xSovnYECCSmb9iMgAJRJvSyqYEb/HkZdKsOt6Fc3lfrdRuijpK6ASdonPkoStUQ3eojhqIoEf0jF7Rm/VkvVjv1sd8dMUqMkfoD6zPH9bqlnw=</latexit>

F is often a low rank matrix (rank 1 or 2).

<latexit sha1_base64="+F5M01VKTQ4QPEBrDaq7iMM+h5A=">AAACF3icbVDLTgJBEJzFF+IL9eilI5jgZbNLNHokmhiPmMgjAUJmh1mYMDuzmZlVCeEvvPgrXjxojFe9+TcOj4OCfaqu6k53VRBzpo3nfTuppeWV1bX0emZjc2t7J7u7V9UyUYRWiORS1QOsKWeCVgwznNZjRXEUcFoL+pdjvXZHlWZS3JpBTFsR7goWMoKNpdpZN3+VB6ZBhoYKwMDlPSgs+hBho9gDFCaND1JB8diFdjbnud6kYBH4M5BDsyq3s1/NjiRJRIUhHGvd8L3YtIZYGUY4HWWaiaYxJn3cpQ0LBY6obg0nvkZwZJkOhPZ2KIWBCft7Y4gjrQdRYCftuz09r43J/7RGYsLz1pCJOLGuyfRQmHAwEsYhQYcpSgwfWICJYvZXID2sMDE2yowNwZ+3vAiqRdc/cU9virnSxSyONDpAh6iAfHSGSugalVEFEfSIntErenOenBfn3fmYjqac2c4++lPO5w8lmJzG</latexit>

X is dense.

<latexit sha1_base64="+cJdet2s9kytuAramjqYuCgeV+8=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIph42uwSjR6JXjxiIkgCGzI728CE2dl1ZpaEEL7DiweN8erHePNvHB4HBSvppFLVne6uMBVcG8/7dnJr6xubW/ntws7u3v5B8fCooZNMMayzRCSqGVKNgkusG24ENlOFNA4FPoaD26n/OESleSIfzCjFIKY9ybucUWOloNwsE65JhFKj2ymWPNebgawSf0FKsECtU/xqRwnLYpSGCap1y/dSE4ypMpwJnBTamcaUsgHtYctSSWPUwXh29IScWSUi3UTZkobM1N8TYxprPYpD2xlT09fL3lT8z2tlpnsdjLlMM4OSzRd1M0FMQqYJkIgrZEaMLKFMcXsrYX2qKDM2p4INwV9+eZU0Kq5/4V7eV0rVm0UceTiBUzgHH66gCndQgzoweIJneIU3Z+i8OO/Ox7w15yxmjuEPnM8fCKuQ+w==</latexit>

stability analysis for dynamical systems • discretizations of PDEs • signal pro-
cessing and time series analysis • eigenvalue assignment problems • iterative
solvers for continuous algebraic Ricattti matrix equation • analyses/computations
involving special structured matrices (e.g., Toeplitz, Cauchy, Vandermonde)

<latexit sha1_base64="DvSHSMJN7HbK85KQAuab6x+6I0M="></latexit>

Sylvester matrix equations appear in:

<latexit sha1_base64="1Fg8MXUpfgTvgA/iQKBU87HjTb4=">AAACGnicbVDLSgMxFM3UV62vqks3wSK4KjNFUVwV3bisaB/QDiWT3rahmcyYZIrD0O9w46+4caGIO3Hj35hpZ6GtBwKHc84l9x4v5Exp2/62ckvLK6tr+fXCxubW9k5xd6+hgkhSqNOAB7LlEQWcCahrpjm0QgnE9zg0vdFV6jfHIBULxJ2OQ3B9MhCszyjRRuoWnU4keiDT8eQ25mNQGiT2iZbsAcN9NI0pTMIQiMRMXEy6xZJdtqfAi8TJSAllqHWLn51eQCMfhKacKNV27FC7CZGaUQ6TQidSEBI6IgNoGyqID8pNpqdN8JFRergfSPOExlP190RCfKVi3zNJs/RQzXup+J/XjnT/3E2YCCMNgs4+6kcc6wCnPeEek0A1jw0hVDKzK6ZDIgk1/aiCKcGZP3mRNCpl56R8elMpVS+zOvLoAB2iY+SgM1RF16iG6oiiR/SMXtGb9WS9WO/Wxyyas7KZffQH1tcP4uCh/g==</latexit>

In practical settings:

<latexit sha1_base64="/AN6LtVXkmBDtVvTt1cyOqARZmo=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqswURXFVdKO7CvYB7VAymTttaCYzJBmhDN278VfcuFDErT/gzr8x03ahrQcCh3PuSXKPn3CmtON8W4WV1bX1jeJmaWt7Z3fP3j9oqTiVFJo05rHs+EQBZwKammkOnUQCiXwObX90nfvtB5CKxeJejxPwIjIQLGSUaCP17XIvFQHIPJ7dCpxIQrUxOVagNRMDdTnp2xWn6kyBl4k7JxU0R6Nvf/WCmKYRCE05UarrOon2MiLNzRwmpV6qICF0RAbQNVSQCJSXTXeZ4GOjBDiMpTlC46n6O5GRSKlx5JvJiOihWvRy8T+vm+rwwsuYSFINgs4eClOOdYzzYnDAJFDNx4YQKpn5K6ZDkvdh6iuZEtzFlZdJq1Z1T6tnd7VK/WpeRxEdoTI6QS46R3V0gxqoiSh6RM/oFb1ZT9aL9W59zEYL1jxziP7A+vwBrkybdA==</latexit>

[ (Simoncini, 2016) ] 

A matrix X 2 Cm⇥n is said to have (A,B) displacement structure if

<latexit sha1_base64="HOthL5o+AwMzowqcLfpIDQB1LbY="></latexit>

AX �XB = F ,

<latexit sha1_base64="vZ3lBkAtVZ+BXKgIYEnDlEBbzLM=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LLaCBy1JUfQi1ArisYJtA20sm+22XbrZhN2NUkL/hxcPinj1v3jz37htc9Dqg4HHezPMzPMjzpS27S8rs7C4tLySXc2trW9sbuW3dxoqjCWhdRLyULo+VpQzQeuaaU7dSFIc+Jw2/eHVxG8+UKlYKO70KKJegPuC9RjB2kj3xUsXHSO3ii7QdfGoky/YJXsK9Jc4KSlAilon/9nuhiQOqNCEY6Vajh1pL8FSM8LpONeOFY0wGeI+bRkqcECVl0yvHqMDo3RRL5SmhEZT9edEggOlRoFvOgOsB2rem4j/ea1Y9869hIko1lSQ2aJezJEO0SQC1GWSEs1HhmAimbkVkQGWmGgTVM6E4My//Jc0yiXnpHR6Wy5UqmkcWdiDfTgEB86gAjdQgzoQkPAEL/BqPVrP1pv1PmvNWOnMLvyC9fENc8yP4w==</latexit>

A 2 Cm⇥m,

<latexit sha1_base64="cU5Us046krEXwi3+nTtdMMbVqjY=">AAACLHicbVDLSgMxFM3UV62vqks3wbbgQspMUXRZ243LCvYBnbFk0rQNTTJDkhHKMB/kxl8RxIVF3PodZtoK2nrhwuGcc7n3Hj9kVGnbnlqZtfWNza3sdm5nd2//IH941FJBJDFp4oAFsuMjRRgVpKmpZqQTSoK4z0jbH9dTvf1IpKKBuNeTkHgcDQUdUIy0oXr5evEGulRAlyM98v24njzEHLqacqIgT4rnsFSsrTjEj0Okjl6+YJftWcFV4CxAASyq0cu/uv0AR5wIjRlSquvYofZiJDXFjCQ5N1IkRHiMhqRroEBmlRfPnk1gyTB9OAikaaHhjP09ESOu1IT7xplerJa1lPxP60Z6cO3FVISRJgLPFw0iBnUA0+Rgn0qCNZsYgLCk5laIR0girE2+OROCs/zyKmhVys5F+fKuUqjWFnFkwQk4BWfAAVegCm5BAzQBBk/gBbyDqfVsvVkf1ufcmrEWM8fgT1lf33hCpe0=</latexit>

B 2 Cn⇥n,

<latexit sha1_base64="J+DGAafA2mEtNJOuYo4B7/vJiK0=">AAACC3icbVC7TsMwFHXKq5RXgJHFaovEgKqkAsFYtQtjkehDakLluE5r1XEi20Gqouws/AoLAwix8gNs/A1OmwFajmTp+Jx7de89XsSoVJb1bRTW1jc2t4rbpZ3dvf0D8/CoK8NYYNLBIQtF30OSMMpJR1HFSD8SBAUeIz1v2sr83gMRkob8Ts0i4gZozKlPMVJaGpplWG1Ch3LoBEhNPC9ppfeJ/ikaEAl5Wj2HQ7Ni1aw54Cqxc1IBOdpD88sZhTgOCFeYISkHthUpN0FCUcxIWnJiSSKEp2hMBppypEe5yfyWFJ5qZQT9UOjHFZyrvzsSFEg5CzxdmW0sl71M/M8bxMq/dhPKo1gRjheD/JhBFcIsGDiigmDFZpogLKjeFeIJEggrHV9Jh2Avn7xKuvWafVG7vK1XGs08jiI4AWVwBmxwBRrgBrRBB2DwCJ7BK3gznowX4934WJQWjLznGPyB8fkDZamZYw==</latexit>

and F 2 Cm⇥n.

<latexit sha1_base64="ZivDz6Dg1mUV5iRseKL2g1Ap2FY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g63gKiRF0WWxIC4r2Ac0sUwmk3boZBJmJkIJ/QE3/oobF4q4de/Ov3HSZqGtBy4czrmXe+/xE0alsu1vo7Syura+Ud6sbG3v7O6Z+wcdGacCkzaOWSx6PpKEUU7aiipGeokgKPIZ6frjZu53H4iQNOZ3apIQL0JDTkOKkdLSwKwhHsDaNXQph26E1Mj3s+b0Pougq2hEJOTTmjUwq7ZlzwCXiVOQKijQGphfbhDjNCJcYYak7Dt2orwMCUUxI9OKm0qSIDxGQ9LXlCO9yctm30zhiVYCGMZCF1dwpv6eyFAk5STydWd+sFz0cvE/r5+q8NLLKE9SRTieLwpTBlUM82hgQAXBik00QVhQfSvEIyQQVjrAig7BWXx5mXTqlnNmnd/Wq42rIo4yOALH4BQ44AI0wA1ogTbA4BE8g1fwZjwZL8a78TFvLRnFzCH4A+PzB3akmo8=</latexit>

where

<latexit sha1_base64="Ppbe2WeN0SpZrw7RsnCsUrV+/zI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48VTFtoQ9lsJ+3SzSbsbpRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/Nbj6g0T+SDGacYxHQgecQZNVbyn4aosFeuuFV3DrJKvJxUIEejV/7q9hOWxSgNE1TrjuemJphQZTgTOC11M40pZSM6wI6lksaog8n82Ck5s0qfRImyJQ2Zq78nJjTWehyHtjOmZqiXvZn4n9fJTHQdTLhMM4OSLRZFmSAmIbPPSZ8rZEaMLaFMcXsrYUOqKDM2n5INwVt+eZU0a1Xvonp5X6vUb/I4inACp3AOHlxBHe6gAT4w4PAMr/DmSOfFeXc+Fq0FJ585hj9wPn8A+1aOzQ==</latexit>

MATRICES WITH DISPLACEMENT STRUCTURE



X is well-approximated by low rank matrices.

<latexit sha1_base64="p1SjaRAECoi8Yg6CKwAHdlo2hQ4=">AAACGHicbVDLTgJBEJzFF+IL9ehlIph4cd0lGj0SvXjERB4JEDI7NDBhdmYzMyuSDZ/hxV/x4kFjvHLzbxweBwUr6aRS1Z3uriDiTBvP+3ZSK6tr6xvpzczW9s7uXnb/oKJlrCiUqeRS1QKigTMBZcMMh1qkgIQBh2rQv5341UdQmknxYIYRNEPSFazDKDFWamXP87U8ZhoPgPMzEkVKPrGQGGjjYIi5HGBFRB9bRTEK2sWtbM5zvSnwMvHnJIfmKLWy40Zb0jgEYSgnWtd9LzLNhCjDKIdRphFriAjtky7ULRUkBN1Mpo+N8IlV2rgjlS1h8FT9PZGQUOthGNhOe2JPL3oT8T+vHpvOdTNhIooNCDpb1Ik5NhJPUsJtpoAaPrSEUMXsrZj2iCLU2CwzNgR/8eVlUim4/oV7eV/IFW/mcaTRETpGp8hHV6iI7lAJlRFFz+gVvaMP58V5cz6dr1lrypnPHKI/cMY/EsifMQ==</latexit>

When the spectra of A and B are well-separated and F is low rank,

<latexit sha1_base64="e6PJoQT+fFsmk4bM/afpDkn8WAQ="></latexit>

AX �XB = F

<latexit sha1_base64="7cILvDlkl7t2VHEC54tpcBlKihg=">AAAB9HicbVBdSwJBFL1rX2ZfVo+9DGnQS7IrRb0EZhA9GqQu6CKz46iDs7PbzKwgi7+jlx6K6LUf01v/plH3obQDFw7n3Mu99/gRZ0rb9reVWVldW9/Ibua2tnd29/L7Bw0VxpLQOgl5KF0fK8qZoHXNNKduJCkOfE6b/vB26jdHVCoWikc9jqgX4L5gPUawNpJXvHHRGXKr6BrdFTv5gl2yZ0DLxElJAVLUOvmvdjckcUCFJhwr1XLsSHsJlpoRTie5dqxohMkQ92nLUIEDqrxkdvQEnRili3qhNCU0mqm/JxIcKDUOfNMZYD1Qi95U/M9rxbp35SVMRLGmgswX9WKOdIimCaAuk5RoPjYEE8nMrYgMsMREm5xyJgRn8eVl0iiXnPPSxUO5UKmmcWThCI7hFBy4hArcQw3qQOAJnuEV3qyR9WK9Wx/z1oyVzhzCH1ifPwl1j60=</latexit>

[ (Beckermann & Townsend, 2017), (Sabino, 2008 ), (Penzl, 1999), (Benner, Truhar & Li, 2009), (Li & White, 2002), 
(Druskin, Knizhnerman & Simoninci, 2011), (Peaceman & Rachford, 1955), (Lu & Wachspress, 1991), 

(Townsend &  W., 2018) ] 

THE LOW RANK PROPERTY

1. Why is this true?

<latexit sha1_base64="ZZkbMsT/kSsqC8TX9c2xMdGnd54=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyEpiu4sunFZwT6gDWUyvWmGTh7MTIQQCv6KGxeKuPU73Pk3TtostPXAvRzOuZe5c7yEM6ls+9uorKyurW9UN2tb2zu7e+b+QUfGqaDQpjGPRc8jEjiLoK2Y4tBLBJDQ49D1JreF330EIVkcPagsATck44j5jBKlpaF55Fi4G2SYSayCookUrvHQrNuWPQNeJk5J6qhEa2h+DUYxTUOIFOVEyr5jJ8rNiVCMcpjWBqmEhNAJGUNf04iEIN18dv4Un2plhP1Y6IoUnqm/N3ISSpmFnp4MiQrkoleI/3n9VPlXbs6iJFUQ0flDfsqxinGRBR4xAVTxTBNCBdO3YhoQQajSidV0CM7il5dJp2E559bFfaPevCnjqKJjdILOkIMuURPdoRZqI4py9Ixe0ZvxZLwY78bHfLRilDuH6A+Mzx8ZjJRN</latexit>

2. When is this true?

<latexit sha1_base64="wtIEg0e2icCAIORrfW/9O7qCy2s=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyEpiu4sunFZwT6gDWUyvWmHTiZhZiKUUPBX3LhQxK3f4c6/cdJmoa0H7uVwzr3MnRMknCntut9WaWV1bX2jvFnZ2t7Z3bP3D1oqTiWFJo15LDsBUcCZgKZmmkMnkUCigEM7GN/mfvsRpGKxeNCTBPyIDAULGSXaSH37qObg9ggEZgrrUd5kCtd9u+o67gx4mXgFqaICjb791RvENI1AaMqJUl3PTbSfEakZ5TCt9FIFCaFjMoSuoYJEoPxsdv4UnxplgMNYmhIaz9TfGxmJlJpEgZmMiB6pRS8X//O6qQ6v/IyJJNUg6PyhMOVYxzjPAg+YBKr5xBBCJTO3YjoiklBtEquYELzFLy+TVs3xzp2L+1q1flPEUUbH6ASdIQ9dojq6Qw3URBRl6Bm9ojfryXqx3q2P+WjJKnYO0R9Ynz9y8ZSI</latexit>

3. How can we take advantage of it?

<latexit sha1_base64="ExvbzqLE0+lqGtBUkKLe9ee0mqE=">AAACDHicbVDLSgNBEJz1bXxFPXoZDIKnsBsVvSl68RjBaCAG6Z30JkNmZ5aZXiUEP8CLv+LFgyJe/QBv/o2Tx8FXwUBRVU1PV5wp6SgMP4OJyanpmdm5+cLC4tLySnF17cKZ3AqsCaOMrcfgUEmNNZKksJ5ZhDRWeBl3Twb+5Q1aJ40+p16GzRTaWiZSAHnpuljaKfNTc8sFaH6LnKCLHFo3oAnayE3CJR36VFgOh+B/STQmJTZG9br4cdUyIk9Rk1DgXCMKM2r2wZIUCu8KV7nDDETXr2h4qiFF1+wPj7njW15p8cRY/zTxofp9og+pc7009skUqON+ewPxP6+RU3LQ7Eud5YRajBYlueJk+KAZ3pIWBameJyCs9H/logMWBPn+Cr6E6PfJf8lFpRztlvfOKqWj43Edc2yDbbJtFrF9dsROWZXVmGD37JE9s5fgIXgKXoO3UXQiGM+ssx8I3r8AIuuZzQ==</latexit>

Only in the above circumstances or in greater generality?

<latexit sha1_base64="hEoXiGrt+xL1c/SAuBnZ69jEQ14=">AAACInicbVC7SgNBFJ31bXxFLW0Gg2AVdkVRK0UbOxVMDCQh3J3cTQZnZ5aZu0IIfouNv2JjoaiV4Mc4iSk0eqrDOfd54kxJR2H4EUxMTk3PzM7NFxYWl5ZXiqtrVWdyK7AijDK2FoNDJTVWSJLCWmYR0ljhdXxzOvCvb9E6afQV9TJsptDRMpECyEut4uG5Vj0uNacucojNLXIhrchTR6AFOm7swO34mYSWd1CjBSWpd9QqlsJyOAT/S6IRKbERLlrFt0bb+MmoSShwrh6FGTX7YEkKhXeFRu4wA3EDHax7qiFF1+wPX7zjW15p88RfkxhNfKj+7OhD6lwvjX1lCtR1495A/M+r55QcNPtSZzmhFt+LklxxMnyQF29Li4J8Rm0Jwkp/KxddsCB8HK7gQ4jGX/5LqjvlaLe8d7lTOj4ZxTHHNtgm22YR22fH7IxdsAoT7J49smf2EjwET8Fr8P5dOhGMetbZLwSfX2hBpDs=</latexit>

Can we be precise about how the low rank properties of X depend on A, B,

<latexit sha1_base64="wYEbh+uFZsSRkQRbNZy9qtPfvao="></latexit>

and F?

<latexit sha1_base64="zOdTINZgorU2HducwzdGx3h8lzo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbFL1ZFMRjBfsh7VKy2bQNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Ubz1RpVkkH8w4pr7AA8n6jGBjpUeEZYjKt+WrXrHkVtwZ0DLxMlKCDPVe8asbRiQRVBrCsdYdz42Nn2JlGOF0UugmmsaYjPCAdiyVWFDtp7ODJ+jEKiHqR8qWNGim/p5IsdB6LALbKbAZ6kVvKv7ndRLTv/RTJuPEUEnmi/oJRyZC0+9RyBQlho8twUQxeysiQ6wwMTajgg3BW3x5mTSrFe+scn5fLdWuszjycATHcAoeXEAN7qAODSAg4Ble4c1Rzovz7nzMW3NONnMIf+B8/gDMsI8a</latexit>



[ (Beckermann & Townsend, 2017), (Sabino, 2008), (Penzl, 1999), (Benner, Truhar & Li, 2009), (Li & White, 2002), (Druskin, 
Knizhnerman & Simoncini, 2011), (Peaceman & Rachford, 1955), (Lu & Wachspress, 1991), (Townsend &  W., 2018) ] 

(factored) ADI

D(k) = diag ((�1 � ↵1)I⇢, · · · , (�k � ↵k)I⇢)

Y (k) =
⇥
Ŷ (1) Ŷ (2) · · · Ŷ (k)

⇤
,

(
Ŷ (1) = (B⇤ � ↵1I)�1V,

Ŷ (i+1) = (B⇤ � �iI)(B⇤ � ↵i+1I)�1Y (i)

Z(k) =
⇥
Ẑ(1) Ẑ(2) · · · Ẑ(k)

⇤
,

(
Ẑ(1) = (A� �1I)�1US,

Ẑ(i+1) = (A� ↵iI)(A� �i+1I)�1Z(i)

X(k) = Z(k)D(k)Y (k)⇤

(S of size ⇢⇥ ⇢)AX �XB = F A(ZDY ⇤)�(ZDY ⇤)B = USV ⇤

A RECIPE FOR LOW RANK APPROXIMATIONS

• X �X(k) = rk(A)Xrk(B)�1,

After k iterations:

rank(X(k))  k⇢, ⇢ = rank(F )• X(k) = ZW ⇤, Z
W ⇤

X(k) =

r(z) =
kY

j=1

z � ↵j

z � �j

<latexit sha1_base64="WAJYK+JoSXEL/bLaw07ZJCT1uMY=">AAACIXicbVDLSsNAFJ34rPUVdelmsAh1YUmkYjdC0Y3LCvYBTQyTyaSddvJgZiK0ob/ixl9x40KR7sSfcdJmoa0HBs49517u3OPGjAppGF/ayura+sZmYau4vbO7t68fHLZElHBMmjhiEe+4SBBGQ9KUVDLSiTlBgctI2x3eZn77iXBBo/BBjmJiB6gXUp9iJJXk6DXIy+MzeA2tmEeekw4UNSePQ2j5HOF0DM+hhVjcR85gMq9cIrPC0UtGxZgBLhMzJyWQo+HoU8uLcBKQUGKGhOiaRiztFHFJMSOTopUIEiM8RD3SVTREARF2OrtwAk+V4kE/4uqFEs7U3xMpCoQYBa7qDJDsi0UvE//zuon0a3ZKwziRJMTzRX7CoIxgFhf0KCdYspEiCHOq/gpxH6lopAq1qEIwF09eJq2LilmtXN5XS/WbPI4COAYnoAxMcAXq4A40QBNg8AxewTv40F60N+1Tm85bV7R85gj8gfb9Aznqocg=</latexit>



[ (Beckermann & Townsend, 2017), (Sabino, 2008 ), (Penzl, 1999), (Benner, Truhar & Li, 2009), (Li & White, 2002), (Druskin, 
Knizhnerman & Simoninci, 2011), (Peaceman & Rachford, 1955), (Lu & Wachspress, 1991), (Townsend &  W., 2018) ] 

�(A) ⇢ E

<latexit sha1_base64="gTLz7EhYz0rX6uQ3Lhgs3CvhnTU=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREKrqsiuCygn1AE8pkMmmHTh7M3Ag1FH/FjQtF3Pof7vwbp20W2npg4HDOudw7x0sEV2BZ30ZhaXllda24XtrY3NreMXf3WipOJWVNGotYdjyimOARawIHwTqJZCT0BGt7w+uJ335gUvE4uodRwtyQ9CMecEpASz3zwBE67JPK5Ql2VOopBvimZ5atqjUFXiR2TsooR6Nnfjl+TNOQRUAFUaprWwm4GZHAqWDjkpMqlhA6JH3W1TQiIVNuNr1+jI+14uMglvpFgKfq74mMhEqNQk8nQwIDNe9NxP+8bgrBhZvxKEmBRXS2KEgFhhhPqsA+l4yCGGlCqOT6VkwHRBIKurCSLsGe//IiaZ1W7Vr17K5Wrl/ldRTRITpCFWSjc1RHt6iBmoiiR/SMXtGb8WS8GO/GxyxaMPKZffQHxucP8EOUQQ==</latexit>

�(B) ⇢ G

<latexit sha1_base64="sAzPbyT6qITxxOhg/CpUmsRAHz0=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEuimJVHRZ6kKXFewDmlAmk0k7dPJgZiLUUPwVNy4Ucet/uPNvnLZZaOuBgcM553LvHC/hTCrL+jYKK6tr6xvFzdLW9s7unrl/0JZxKghtkZjHouthSTmLaEsxxWk3ERSHHqcdb3Q99TsPVEgWR/dqnFA3xIOIBYxgpaW+eeRwHfZxpXGGHJl6kip00zfLVtWaAS0TOydlyNHsm1+OH5M0pJEiHEvZs61EuRkWihFOJyUnlTTBZIQHtKdphEMq3Wx2/QSdasVHQSz0ixSaqb8nMhxKOQ49nQyxGspFbyr+5/VSFVy5GYuSVNGIzBcFKUcqRtMqkM8EJYqPNcFEMH0rIkMsMFG6sJIuwV788jJpn1ftWvXirlauN/I6inAMJ1ABGy6hDrfQhBYQeIRneIU348l4Md6Nj3m0YOQzh/AHxucP9NqURA==</latexit>

A RECIPE FOR BOUNDING SINGULAR VALUES

�k⇢+1(X)  kX �X(k)k2  krk(A)rk(B)�1k2kXk2  Zk(E,G)kXk2

<latexit sha1_base64="Q6ZxI/Lzf8fGOHSxHnrB9Utt8H4=">AAACAXicdVDLSsNAFJ3UV62vqhvBzWAVKkhIqtW6K4rosoJ9YBPCZDpth04mcWYilLRu/BU3LhRx61+4829M2goqeuDC4Zx7ufceN2BUKsP40FJT0zOzc+n5zMLi0vJKdnWtJv1QYFLFPvNFw0WSMMpJVVHFSCMQBHkuI3W3d5r49VsiJPX5leoHxPZQh9M2xUjFkpPd2LYYuYHXTi9/tgfPd61Bwxo4he2Mk80ZetEwjw8NaOjGCCNSMvdNaE6UHJig4mTfrZaPQ49whRmSsmkagbIjJBTFjAwzVihJgHAPdUgzphx5RNrR6IMh3ImVFmz7Ii6u4Ej9PhEhT8q+58adHlJd+dtLxL+8ZqjaJTuiPAgV4Xi8qB0yqHyYxAFbVBCsWD8mCAsa3wpxFwmEVRxaEsLXp/B/Uivo5oFevCzkyieTONJgE2yBPDDBESiDC1ABVYDBHXgAT+BZu9cetRftddya0iYz6+AHtLdPEIiUuQ==</latexit>

• X �X(k) = rk(A)Xrk(B)�1,

After k iterations:

rank(X(k))  k⇢, ⇢ = rank(F )• X(k) = ZW ⇤, Z
W ⇤

X(k) =

r(z) =
kY

j=1

z � ↵j

z � �j

<latexit sha1_base64="WAJYK+JoSXEL/bLaw07ZJCT1uMY=">AAACIXicbVDLSsNAFJ34rPUVdelmsAh1YUmkYjdC0Y3LCvYBTQyTyaSddvJgZiK0ob/ixl9x40KR7sSfcdJmoa0HBs49517u3OPGjAppGF/ayura+sZmYau4vbO7t68fHLZElHBMmjhiEe+4SBBGQ9KUVDLSiTlBgctI2x3eZn77iXBBo/BBjmJiB6gXUp9iJJXk6DXIy+MzeA2tmEeekw4UNSePQ2j5HOF0DM+hhVjcR85gMq9cIrPC0UtGxZgBLhMzJyWQo+HoU8uLcBKQUGKGhOiaRiztFHFJMSOTopUIEiM8RD3SVTREARF2OrtwAk+V4kE/4uqFEs7U3xMpCoQYBa7qDJDsi0UvE//zuon0a3ZKwziRJMTzRX7CoIxgFhf0KCdYspEiCHOq/gpxH6lopAq1qEIwF09eJq2LilmtXN5XS/WbPI4COAYnoAxMcAXq4A40QBNg8AxewTv40F60N+1Tm85bV7R85gj8gfb9Aznqocg=</latexit>



Explains low rank properties in real-valued Vandermonde, Pick, Cauchy, Loewner
matrices and more...

<latexit sha1_base64="vx7UVoHAHmL0IbxEoD7AypA1/Gk="></latexit>

[ (Beckermann & Townsend, 2017/2019)]

A. Townsend B. Beckermann

A RECIPE FOR BOUNDING SINGULAR VALUES
Explicit bounds on the singular values of X

<latexit sha1_base64="C5vvuyhxM/HVogEiFC9fZ6tHbsc=">AAACFnicbVDLSgNBEJz1bXxFPXoZjIIXw64oehRF8KhgHhBDmJ30JkNmZ5aZHjEEv8KLv+LFgyJexZt/4+Rx0MSChqKqm+6uOJPCYhh+B1PTM7Nz8wuLuaXlldW1/PpG2WpnOJS4ltpUY2ZBCgUlFCihmhlgaSyhEnfO+37lDowVWt1gN4N6ylpKJIIz9FIjv39x79dwgTTWTjUt1YpiG6gVquUkM/SOSQdeTuhOdaeRL4TFcAA6SaIRKZARrhr5r9um5i4FhVwya2tRmGG9xwwKLuEhd+ssZIx3WAtqniqWgq33Bm890F2vNGmijS+FdKD+nuix1NpuGvvOlGHbjnt98T+v5jA5qfeEyhyC4sNFiZMUNe1nRJvCAEfZ9YRxI/ytlLeZYRx9kjkfQjT+8iQpHxSjw+LR9UHh9GwUxwLZIttkj0TkmJySS3JFSoSTR/JMXslb8BS8BO/Bx7B1KhjNbJI/CD5/ABONnqg=</latexit>

A cheap method for constructing low rank approximationsX(k) = ZW ⇤ ⇡ X

<latexit sha1_base64="uBegddBBBCvUyDQ7krhTt0zMqNo="></latexit>



EXPANDING ADI-BASED METHODS

Problem: Many practical applications do not satisfy these constraints! 

To bound singular values of X via fADI, we need...

<latexit sha1_base64="lT4jwCyA+uEMEqD4Clf40NF2p98="></latexit>

2. The spectra of A and B are well-separated.

<latexit sha1_base64="NcdW1yeE5D01YGUOvif4PPwwcd4=">AAACG3icbVDLSgMxFM3UV62vqks3wVZw4zAzKLqsdeOyQl/QlpLJ3GlDM5khySil9D/c+CtuXCjiSnDh35g+Ftp6IORwzr03ucdPOFPacb6tzMrq2vpGdjO3tb2zu5ffP6irOJUUajTmsWz6RAFnAmqaaQ7NRAKJfA4Nf3Az8Rv3IBWLRVUPE+hEpCdYyCjRRurmPc/G1T5glQDVkuA4xMXrIiYiwMWyuSXgB+D8TEFCJNEQ2LibLzi2MwVeJu6cFNAclW7+sx3ENI1AaMqJUi3XSXRnRKRmlMM4104n0+mA9KBlqCARqM5outsYnxglwGEszREaT9XfHSMSKTWMfFMZEd1Xi95E/M9rpTq86oyYSFINgs4eClOOdYwnQeGASRMJHxpCqGTmr5j2TQZUmzhzJgR3ceVlUvds99y+uPMKpfI8jiw6QsfoFLnoEpXQLaqgGqLoET2jV/RmPVkv1rv1MSvNWPOeQ/QH1tcP/9WeUw==</latexit>

1. rank(F ) is small.

<latexit sha1_base64="07YfDuUHcpoHA2jthye/ddHhgeM=">AAACBnicbVBNSwMxEM36WetX1aMIwVaol2W3KHosCuKxgv2AtpTZNG1Dk+ySZIWy9OTFv+LFgyJe/Q3e/Dem7R609cHA470ZZuYFEWfaeN63s7S8srq2ntnIbm5t7+zm9vZrOowVoVUS8lA1AtCUM0mrhhlOG5GiIAJO68HweuLXH6jSLJT3ZhTRtoC+ZD1GwFipkzvyXVxIWkpgBXI4Lt6cFjDTWAvg3MWdXN5zvSnwIvFTkkcpKp3cV6sbklhQaQgHrZu+F5l2Asowwuk424o1jYAMoU+blkoQVLeT6RtjfGKVLu6FypY0eKr+nkhAaD0Sge0UYAZ63puI/3nN2PQu2wmTUWyoJLNFvZhjE+JJJrjLFCWGjywBopi9FZMBKCDGJpe1IfjzLy+SWsn1z9zzu1K+fJXGkUGH6BgVkY8uUBndogqqIoIe0TN6RW/Ok/PivDsfs9YlJ505QH/gfP4ApgaWsw==</latexit>

3. A solution to Zolotarev’s problem is known for sets E, G, where

<latexit sha1_base64="jJX7Z367xJrFciJEkSW32BOroRs="></latexit>

�(A) ⇢ E and �(B) ⇢ G.

<latexit sha1_base64="JqhSb3jCIqu5uYYA7tXUQUCZjtM=">AAACG3icbVDLSsNAFJ34rPUVdelmsBXqJiRF0WWtiC4r2Ac0oUwm03boZBJmJkIJ/Q83/oobF4q4Elz4N07b4KP1wMDhnHO5c48fMyqVbX8aC4tLyyurubX8+sbm1ra5s9uQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4GPvNOyIkjfitGsbEC1GP0y7FSGmpY5aLLtPpAJXOj6ArE18SBS+LEPEAflvVH+uqaHXMgm3ZE8B54mSkADLUOua7G0Q4CQlXmCEp244dKy9FQlHMyCjvJpLECA9Qj7Q15Sgk0ksnt43goVYC2I2EflzBifp7IkWhlMPQ18kQqb6c9cbif147Ud0zL6U8ThTheLqomzCoIjguCgZUEKzYUBOEBdV/hbiPBMJK15nXJTizJ8+TRtlyjq2Tm3KhUs3qyIF9cABKwAGnoAKuQQ3UAQb34BE8gxfjwXgyXo23aXTByGb2wB8YH18wI55l</latexit>



1. rank(F ) is small.

<latexit sha1_base64="07YfDuUHcpoHA2jthye/ddHhgeM=">AAACBnicbVBNSwMxEM36WetX1aMIwVaol2W3KHosCuKxgv2AtpTZNG1Dk+ySZIWy9OTFv+LFgyJe/Q3e/Dem7R609cHA470ZZuYFEWfaeN63s7S8srq2ntnIbm5t7+zm9vZrOowVoVUS8lA1AtCUM0mrhhlOG5GiIAJO68HweuLXH6jSLJT3ZhTRtoC+ZD1GwFipkzvyXVxIWkpgBXI4Lt6cFjDTWAvg3MWdXN5zvSnwIvFTkkcpKp3cV6sbklhQaQgHrZu+F5l2Asowwuk424o1jYAMoU+blkoQVLeT6RtjfGKVLu6FypY0eKr+nkhAaD0Sge0UYAZ63puI/3nN2PQu2wmTUWyoJLNFvZhjE+JJJrjLFCWGjywBopi9FZMBKCDGJpe1IfjzLy+SWsn1z9zzu1K+fJXGkUGH6BgVkY8uUBndogqqIoIe0TN6RW/Ok/PivDsfs9YlJ505QH/gfP4ApgaWsw==</latexit>

Townsend, W., (2018):

<latexit sha1_base64="yBRLRzZichP5P7WxFfEAI53kTi0=">AAACCnicbVDLSgMxFM3UV62vUZduokWoUMpMUSyuim5cVugL2lIymds2NJMZkoxShq7d+CtuXCji1i9w59+YPhbaeiBwOOcebu7xIs6UdpxvK7Wyura+kd7MbG3v7O7Z+wd1FcaSQo2GPJRNjyjgTEBNM82hGUkggceh4Q1vJn7jHqRioajqUQSdgPQF6zFKtJG69nE7Fj7ISTyphg9CgfDzuFHI41zRcUtn46uunXUKzhR4mbhzkkVzVLr2V9sPaRyA0JQTpVquE+lOQqRmlMM4044VRIQOSR9ahgoSgOok01PG+NQoPu6F0jyh8VT9nUhIoNQo8MxkQPRALXoT8T+vFeteqZMwEcUaBJ0t6sUc6xBPesE+k0A1HxlCqGTmr5gOiCRUm/YypgR38eRlUi8W3PPCxV0xW76e15FGR+gE5ZCLLlEZ3aIKqiGKHtEzekVv1pP1Yr1bH7PRlDXPHKI/sD5/AI87mNo=</latexit>

ADI with high-rank right-hand sides.

<latexit sha1_base64="yuw1hQUor6PBY8WtMX5ToORWLBU=">AAACDXicbZC7TsMwFIadcivlVmBksShILI2SCgRjuQywFYlepDaqHMdtrDpOZJ+AqqovwMKrsDCAECs7G2+Dexmg5ZcsffrPOTo+v58IrsFxvq3MwuLS8kp2Nbe2vrG5ld/eqek4VZRVaSxi1fCJZoJLVgUOgjUSxUjkC1b3e5ejev2eKc1jeQf9hHkR6Ure4ZSAsdr5g/OrG/zAIcQh74ZFRWQPK0NQDIkMsOYB03Y7X3BsZyw8D+4UCmiqSjv/1QpimkZMAhVE66brJOANiAJOBRvmWqlmCaE90mVNg5JETHuD8TVDfGicAHdiZZ4EPHZ/TwxIpHU/8k1nRCDUs7WR+V+tmULnzBtwmaTAJJ0s6qQCQ4xH0eCAK0ZB9A0Qqrj5K6YhUYSCCTBnQnBnT56HWsl2j+2T21KhfDGNI4v20D46Qi46RWV0jSqoiih6RM/oFb1ZT9aL9W59TFoz1nRmF/2R9fkDz7OayA==</latexit>

bounds on numerical ranks of matrices,

<latexit sha1_base64="5tK08pgtkWJfXFtpwLah1CVKjtk="></latexit>

e.g., multidimensional Vandermonde

<latexit sha1_base64="3MADJwnsd/bZH80+ugYcIz9Zk7M=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4kGGmKLosunFZwT6gLSWTuW1Dk8yQZIQy9APc+CtuXCji1g9w59+YaWehrRcSDuece5N7gpgzbTzv2ymsrK6tbxQ3S1vbO7t75f2Dpo4SRaFBIx6pdkA0cCahYZjh0I4VEBFwaAXjm0xvPYDSLJL3ZhJDT5ChZANGibFUv1wBd+ieYZFww0ImQGZOwnGTyBCUiOxdsi7P9WaFl4GfgwrKq94vf3XDiCZ2mqGcaN3xvdj0UqIMoxympW6iISZ0TIbQsVASAbqXzpaZ4hPLhHgQKXukwTP2d0dKhNYTEVinIGakF7WM/E/rJGZw1UuZjBMDks4fGiQcmwhnyeCQKaCGTywgVDH7V0xHRBFqbH5ZCP7iysugWXX9c/firlqpXedxFNEROkanyEeXqIZuUR01EEWP6Bm9ojfnyXlx3p2PubXg5D2H6E85nz/XQZre</latexit>

low rank solver for AX �XB = F , F is full rank.

<latexit sha1_base64="xI1yVhYuxNO/ZcrugAXtyyD9nZY=">AAACHHicbVC7SgNBFJ31GeMramlzMREsNOz6QBshRgiWEcwDkhBmJ7NxyOzMMjOrhJAPsfFXbCwUsbEQ/BsnmxQavdXhnHO59xw/4kwb1/1yZmbn5hcWU0vp5ZXVtfXMxmZVy1gRWiGSS1X3saacCVoxzHBajxTFoc9pze9djvTaHVWaSXFj+hFthbgrWMAINpZqZ464vAeFRQ+05NYIgVSQu6jDQb0I56XcPuRKOWAagpjzxJiHdibr5t1k4C/wJiCLJlNuZz6aHUnikApDONa64bmRaQ2wMoxwOkw3Y00jTHq4SxsWChxS3Rok4Yawa5lO8lYghYGE/bkxwKHW/dC3zhCbWz2tjcj/tEZsgrPWgIkoNlSQ8SGbEoyEUVPQYYoSw/sWYKKY/RXILVaYGNtn2pbgTUf+C6qHee84f3J9mC0UJ3Wk0DbaQXvIQ6eogK5QGVUQQQ/oCb2gV+fReXbenPexdcaZ7GyhX+N8fgMcnJ49</latexit>

•

<latexit sha1_base64="oYDftSQIAZR/Sh5J9gyoelsKjM0=">AAAB8HicbVDLTgJBEJzFF+IL9ehlIph4IrtEo0eiF4+YyMPAhswOvTBhdnYz02tCCF/hxYPGePVzvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nfmtJ9BGxOoBxwn4ERsoEQrO0EqP5W6QSglY7hVLbsWdg64SLyMlkqHeK351+zFPI1DIJTOm47kJ+hOmUXAJ00I3NZAwPmID6FiqWATGn8wPntIzq/RpGGtbCulc/T0xYZEx4yiwnRHDoVn2ZuJ/XifF8NqfCJWkCIovFoWppBjT2fe0LzRwlGNLGNfC3kr5kGnG0WZUsCF4yy+vkma14l1ULu+rpdpNFkeenJBTck48ckVq5I7USYNwEpFn8kreHO28OO/Ox6I152Qzx+QPnM8fNR6QBg==</latexit>

•

<latexit sha1_base64="oYDftSQIAZR/Sh5J9gyoelsKjM0=">AAAB8HicbVDLTgJBEJzFF+IL9ehlIph4IrtEo0eiF4+YyMPAhswOvTBhdnYz02tCCF/hxYPGePVzvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nfmtJ9BGxOoBxwn4ERsoEQrO0EqP5W6QSglY7hVLbsWdg64SLyMlkqHeK351+zFPI1DIJTOm47kJ+hOmUXAJ00I3NZAwPmID6FiqWATGn8wPntIzq/RpGGtbCulc/T0xYZEx4yiwnRHDoVn2ZuJ/XifF8NqfCJWkCIovFoWppBjT2fe0LzRwlGNLGNfC3kr5kGnG0WZUsCF4yy+vkma14l1ULu+rpdpNFkeenJBTck48ckVq5I7USYNwEpFn8kreHO28OO/Ox6I152Qzx+QPnM8fNR6QBg==</latexit>

F has decaying singular values.

<latexit sha1_base64="NOUvqjBA03qJN/ara532+ouO0vM=">AAACCnicdVBNSwMxEM36bf2qevQSrYKnJVustjdREI8KthZqKbPptA3NZpckWyilZy/+FS8eFPHqL/DmvzGtFVT0wQyP92ZI5oWJFMYy9u5NTc/Mzs0vLGaWlldW17LrGxUTp5pjmccy1tUQDEqhsGyFlVhNNEIUSrwOu6cj/7qH2ohYXdl+gvUI2kq0BAfrpEZ2e/dsl3bA0CZy6AvVpsa1VIKmPZApGr+RzTE/X2ClIqPMZ2M4UmBB6TCgwUTJkQkuGtm3m2bM0wiV5RKMqQUssfUBaCu4xGHmJjWYAO9CG2uOKojQ1AfjU4Z0zylN2oq1K2XpWP2+MYDImH4UuskIbMf89kbiX14tta1ifSBUklpU/POhViqpjekoF9oUGrmVfUeAa+H+SnkHNHDr0su4EL4upf+TSt4PDvzCZT53fDKJY4FskR2yTwJyRI7JObkgZcLJLbknj+TJu/MevGfv5XN0ypvsbJIf8F4/APe4mdo=</latexit>

2. The spectra of A and B are well-separated.

<latexit sha1_base64="NcdW1yeE5D01YGUOvif4PPwwcd4=">AAACG3icbVDLSgMxFM3UV62vqks3wVZw4zAzKLqsdeOyQl/QlpLJ3GlDM5khySil9D/c+CtuXCjiSnDh35g+Ftp6IORwzr03ucdPOFPacb6tzMrq2vpGdjO3tb2zu5ffP6irOJUUajTmsWz6RAFnAmqaaQ7NRAKJfA4Nf3Az8Rv3IBWLRVUPE+hEpCdYyCjRRurmPc/G1T5glQDVkuA4xMXrIiYiwMWyuSXgB+D8TEFCJNEQ2LibLzi2MwVeJu6cFNAclW7+sx3ENI1AaMqJUi3XSXRnRKRmlMM4104n0+mA9KBlqCARqM5outsYnxglwGEszREaT9XfHSMSKTWMfFMZEd1Xi95E/M9rpTq86oyYSFINgs4eClOOdYwnQeGASRMJHxpCqGTmr5j2TQZUmzhzJgR3ceVlUvds99y+uPMKpfI8jiw6QsfoFLnoEpXQLaqgGqLoET2jV/RmPVkv1rv1MSvNWPOeQ/QH1tcP/9WeUw==</latexit>

[Kressner, Massei and Robol (2019), Martinsson, Rokhlin, and Tygert (2005), Chandrasekaran, Gu, Xia, and Zhu (2007), 

Xia, Xi, and Gu (2012) ]

EXPANDING ADI-BASED METHODS

ADI-based hierarchical compression.

<latexit sha1_base64="ARnJMU7cDYPqtsFXB+xFyhE4dlA=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiCxECUVCMbyGGArEn1IbVQ5rtNadezIdpCqqD/Awq+wMIAQKzsbf4PTZoCWI1k6Oufe63tPEDOqtOt+W4WFxaXlleJqaW19Y3PL3t5pKJFITOpYMCFbAVKEUU7qmmpGWrEkKAoYaQbDq8xvPhCpqOD3ehQTP0J9TkOKkTZS1z64uL49zgb04IASiSQeGI9BLCIzR2V9DuzaZddxJ4DzxMtJGeSode2vTk/gJCJcY4aUanturP0USU0xI+NSJ1EkRniI+qRtKEcRUX46uWYMD5Nsm1BI87iGE/V3R4oipUZRYCojpAdq1svE/7x2osNzP6U8TjThePpRmDCoBcyigT0qCdZsZAjCkppdIR4gibA2AZZMCN7syfOkUXG8E+f0rlKuXuZxFMEe2AdHwANnoApuQA3UAQaP4Bm8gjfryXqx3q2PaWnBynt2wR9Ynz93e5sy</latexit>

superfast solvers for Toeplitz system Tx = b.

<latexit sha1_base64="IGdjVpSvi0f9eJeCVWbjq89Xyxg=">AAACGXicbVC7TgJBFJ31ifhCLW0mgokV2SUabUyINpaY8EqAkNnhLkyY3dnM3DUi4Tds/BUbC42x1Mq/cXgUCp7q5Jxzc+89fiyFQdf9dpaWV1bX1lMb6c2t7Z3dzN5+1ahEc6hwJZWu+8yAFBFUUKCEeqyBhb6Emt+/Hvu1O9BGqKiMgxhaIetGIhCcoZXaGdckMeiAGaRGyXGSBkrTsgK7HR+oGRiEkObK9/SS+rk8bWeybt6dgC4Sb0ayZIZSO/PZ7CiehBAhl8yYhufG2BoyjYJLGKWbiYGY8T7rQsPSiIVgWsPJZyN6bJXO5KJARUgn6u+JIQuNGYS+TYYMe2beG4v/eY0Eg4vWUERxghDx6aIgkRQVHddEO0IDRzmwhHEt7K2U95hmHG1FaVuCN//yIqkW8t5p/uy2kC1ezepIkUNyRE6IR85JkdyQEqkQTh7JM3klb86T8+K8Ox/T6JIzmzkgf+B8/QAWx5+k</latexit>

extends to other related linear systems (e.g., NUDFT, Toeplitz+Hankel)

<latexit sha1_base64="kN3ZRlbxzukfiwBu6ziavLbacWQ="></latexit>

explicit approx. error bounds + competitive with state-of-the-art.

<latexit sha1_base64="VtSR6bMo5omgLQX3v9RHR92irL4="></latexit>

Subsets of the spectra of A and B are well-separated.

<latexit sha1_base64="pjFmDwZe0gLuRo/EI7G5NamzU6g="></latexit>

Beckermann, Kressner, W., (2021)

<latexit sha1_base64="ToLkfDU2HFgvskshyzIPKcUuGxc=">AAACFXicbVDLSgMxFM34rPU16tJNsAgVhjIzKLosdSO4qWAf0JaSSe+0oZnMkGSEMvQn3Pgrblwo4lZw59+YPhbaeiBwOOcebu4JEs6Udt1va2V1bX1jM7eV397Z3du3Dw7rKk4lhRqNeSybAVHAmYCaZppDM5FAooBDIxheT/zGA0jFYnGvRwl0ItIXLGSUaCN1baedih7ISTyrAB2CjIgQDr6VoJQA6eBGycFF3/W9s3HXLrgldwq8TLw5KaA5ql37q92LaRqB0JQTpVqem+hORqRmlMM4304VJIQOSR9ahgoSgepk06vG+NQoPRzG0jyh8VT9nchIpNQoCsxkRPRALXoT8T+vlerwqpMxkaQaBJ0tClOOdYwnFeEek0A1HxlCqGTmr5gOiCRUmyLzpgRv8eRlUvdL3nnp4s4vlCvzOnLoGJ2gIvLQJSqjG1RFNUTRI3pGr+jNerJerHfrYza6Ys0zR+gPrM8f0+KdRQ==</latexit>

•

<latexit sha1_base64="oYDftSQIAZR/Sh5J9gyoelsKjM0=">AAAB8HicbVDLTgJBEJzFF+IL9ehlIph4IrtEo0eiF4+YyMPAhswOvTBhdnYz02tCCF/hxYPGePVzvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nfmtJ9BGxOoBxwn4ERsoEQrO0EqP5W6QSglY7hVLbsWdg64SLyMlkqHeK351+zFPI1DIJTOm47kJ+hOmUXAJ00I3NZAwPmID6FiqWATGn8wPntIzq/RpGGtbCulc/T0xYZEx4yiwnRHDoVn2ZuJ/XifF8NqfCJWkCIovFoWppBjT2fe0LzRwlGNLGNfC3kr5kGnG0WZUsCF4yy+vkma14l1ULu+rpdpNFkeenJBTck48ckVq5I7USYNwEpFn8kreHO28OO/Ox6I152Qzx+QPnM8fNR6QBg==</latexit>

•

<latexit sha1_base64="oYDftSQIAZR/Sh5J9gyoelsKjM0=">AAAB8HicbVDLTgJBEJzFF+IL9ehlIph4IrtEo0eiF4+YyMPAhswOvTBhdnYz02tCCF/hxYPGePVzvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nfmtJ9BGxOoBxwn4ERsoEQrO0EqP5W6QSglY7hVLbsWdg64SLyMlkqHeK351+zFPI1DIJTOm47kJ+hOmUXAJ00I3NZAwPmID6FiqWATGn8wPntIzq/RpGGtbCulc/T0xYZEx4yiwnRHDoVn2ZuJ/XifF8NqfCJWkCIovFoWppBjT2fe0LzRwlGNLGNfC3kr5kGnG0WZUsCF4yy+vkma14l1ULu+rpdpNFkeenJBTck48ckVq5I7USYNwEpFn8kreHO28OO/Ox6I152Qzx+QPnM8fNR6QBg==</latexit>



EXPANDING ADI-BASED METHODS

[(Zolotarev, 1877), (Sabino, 2008 ), (Beckermann & Townsend, 2017, 2019), (Starke, 1992) (Ganelius, 1976, 1979)] 

3. A solution to Zolotarev’s problem is known for sets E, G, where

<latexit sha1_base64="jJX7Z367xJrFciJEkSW32BOroRs="></latexit>

�(A) ⇢ E and �(B) ⇢ G.

<latexit sha1_base64="JqhSb3jCIqu5uYYA7tXUQUCZjtM=">AAACG3icbVDLSsNAFJ34rPUVdelmsBXqJiRF0WWtiC4r2Ac0oUwm03boZBJmJkIJ/Q83/oobF4q4Elz4N07b4KP1wMDhnHO5c48fMyqVbX8aC4tLyyurubX8+sbm1ra5s9uQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4GPvNOyIkjfitGsbEC1GP0y7FSGmpY5aLLtPpAJXOj6ArE18SBS+LEPEAflvVH+uqaHXMgm3ZE8B54mSkADLUOua7G0Q4CQlXmCEp244dKy9FQlHMyCjvJpLECA9Qj7Q15Sgk0ksnt43goVYC2I2EflzBifp7IkWhlMPQ18kQqb6c9cbif147Ud0zL6U8ThTheLqomzCoIjguCgZUEKzYUBOEBdV/hbiPBMJK15nXJTizJ8+TRtlyjq2Tm3KhUs3qyIF9cABKwAGnoAKuQQ3UAQb34BE8gxfjwXgyXo23aXTByGb2wB8YH18wI55l</latexit>

Zolotarev’s third problem:

Zk(E,G) := inf
r2Rk

supz2E |r(z)|
infz2G |r(z)|

<latexit sha1_base64="fabd4V40tZnYx6iLBCCrTt34FME="></latexit>

Solution is known for:

<latexit sha1_base64="V4yuuI7e/PukxU9Ljm35ErW4as8=">AAACAHicbZDLSgMxFIbP1Futt6oLF26CRXBVZoqiuCq6cVnRXqAdSibNtKGZZEgySind+CpuXCji1sdw59uYaWehrT8EPv5zDifnD2LOtHHdbye3tLyyupZfL2xsbm3vFHf3GlomitA6kVyqVoA15UzQumGG01asKI4CTpvB8DqtNx+o0kyKezOKqR/hvmAhI9hYq1s8uJM8SRExjYZCPgoUSnWJusWSW3anQovgZVCCTLVu8avTkySJqDCEY63bnhsbf4yVYYTTSaGTaBpjMsR92rYocES1P54eMEHH1umli+0TBk3d3xNjHGk9igLbGWEz0PO11Pyv1k5MeOGPmYgTQwWZLQoTjoxEaRqoxxQlho8sYKKY/SsiA6wwMTazgg3Bmz95ERqVsndaPrutlKpXWRx5OIQjOAEPzqEKN1CDOhCYwDO8wpvz5Lw4787HrDXnZDP78EfO5w/3JJX+</latexit>

• Intervals of the real line

<latexit sha1_base64="94KEAuqNi+IOrUt9MvPq9v+dfR4=">AAACJ3icbVBNS8NAEN3U7/pV9ehlsQieSlIUPUnRi94UrAptKJvNpF262YTdSaEG/40X/4oXQUX06D9xU4todWDh8d7MvJ0XpFIYdN13pzQ1PTM7N79QXlxaXlmtrK1fmiTTHJo8kYm+DpgBKRQ0UaCE61QDiwMJV0H/uNCvBqCNSNQFDlPwY9ZVIhKcoaU6lcN2AF2hcoEQixu4LbcLRE8Vgh4waWgSUewBtTslLUzKbVDhd3unUnVr7qjoX+CNQZWM66xTeWqHCc9iUMglM6bluSn6OdMouCzsMwMp433WhZaFisVg/Hx05y3dtkxIo0Tbp5CO2J8TOYuNGcaB7YwZ9sykVpD/aa0MowM/FyrNEBT/MooySTGhRWg0FBo4yqEFjGth/0p5j2nGbUqmbEPwJk/+Cy7rNW+3tnderzaOxnHMk02yRXaIR/ZJg5yQM9IknNyRB/JMXpx759F5dd6+WkvOeGaD/Crn4xM9ZabI</latexit>

• Disks in the complex plane

<latexit sha1_base64="vaCI4vuW5XxX0ZYKSQIf4e2QuNU=">AAACJ3icbVDLSgMxFM34rPVVdekmWARXZUYUXYmoC5cV7APaUjLpbRuaZIbkjlgH/8aNv+JGUBFd+idm2iK+DgQO55zLzT1hLIVF33/3pqZnZufmcwv5xaXlldXC2nrVRonhUOGRjEw9ZBak0FBBgRLqsQGmQgm1cHCa+bUrMFZE+hKHMbQU62nRFZyhk9qFo2YIPaFTgaDEDdzmmxmjZ8IOLBWaYh8oj1Qs4ZrGkmnIN0F3vuLtQtEv+SPQvySYkCKZoNwuPDU7EU8UaOSSWdsI/BhbKTMouMzWJxZixgesBw1HNVNgW+nozlu67ZQO7UbGPY10pH6fSJmydqhCl1QM+/a3l4n/eY0Eu4etVOg4QdB8vKibSIoRzUqjHWGAoxw6wrgR7q+U95lhHF21eVdC8Pvkv6S6Wwr2SvsXu8Xjk0kdObJJtsgOCcgBOSbnpEwqhJM78kCeyYt37z16r97bODrlTWY2yA94H58/M6bM</latexit>

For more general sets in C...

<latexit sha1_base64="saDKrAbtk66fzkhRTHPIatwGehc=">AAACEXicbVC7SgNBFJ2NrxhfUUubwURItewGRctgQCwjmAckIcxO7iZDZmeWmVkhLPkFG3/FxkIRWzs7/8bJo9DEUx3OuZd77glizrTxvG8ns7a+sbmV3c7t7O7tH+QPjxpaJopCnUouVSsgGjgTUDfMcGjFCkgUcGgGo+rUbz6A0kyKezOOoRuRgWAho8RYqZcv3UiFI6kAD0CAIhxrMBozgYudiJhhEKTVSdF13V6+4LneDHiV+AtSQAvUevmvTl/SJAJhKCdat30vNt2UKMMoh0muk2iICR2RAbQtFSQC3U1nH03wmVX6OLTZQikMnqm/N1ISaT2OAjs5TamXvan4n9dOTHjVTZmIEwOCzg+FCcdG4mk9uM8UUMPHlhCqmM2K6ZAoQo0tMWdL8JdfXiWNsuufuxd35ULlelFHFp2gU1RCPrpEFXSLaqiOKHpEz+gVvTlPzovz7nzMRzPOYucY/YHz+QNJsJwG</latexit>

An approximate solution

<latexit sha1_base64="2roDLMKBWKpp6DGG0bqQG+TQvkA=">AAACCXicdVDLSgMxFM3Ud31VXboJFsFVmSlVu/SxcalgH9CWkknvaGgmGZI7Yhm6deOvuHGhiFv/wJ1/Y/oQVPRA4HDOueTeEyZSWPT9Dy83Mzs3v7C4lF9eWV1bL2xs1q1ODYca11KbZsgsSKGghgIlNBMDLA4lNML+6chv3ICxQqtLHCTQidmVEpHgDJ3ULdA2wi2GUXasKEsSo29FzBCo1TIdJYbdQtEvBdXqQVChfskfw5FK+eDQL9NgqhTJFOfdwnu7p3kag0IumbWtwE+wkzGDgksY5tuphYTxPruClqOKxWA72fiSId11So9G2rinkI7V7xMZi60dxKFLujWv7W9vJP7ltVKMqp1MqCRFUHzyUZRKipqOaqE9YYCjHDjCuBFuV8qvmWEcXXl5V8LXpfR/Ui+Xgkpp/6JSPDqZ1rFItskO2SMBOSRH5Iyckxrh5I48kCfy7N17j96L9zqJ5rzpzBb5Ae/tE9zZmxs=</latexit>

log10( |r9(z) | )

E

<latexit sha1_base64="QfZkL1K/3rnMXnWyb4DS7+JSM+k=">AAAB63icbVBNSwMxEJ2tX7V+VT16CbaCp7JbFD0WRfBYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5DbzO09UaRbJRzONqS/wSLKQEWwyqXpXLQ3KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPFkI3vLLq6Rdr3kXtcuHeqVxk8dRhBM4hXPw4AoacA9NaAGBMTzDK7w5wnlx3p2PRWvByWeO4Q+czx+HCI0/</latexit>

E

<latexit sha1_base64="QfZkL1K/3rnMXnWyb4DS7+JSM+k=">AAAB63icbVBNSwMxEJ2tX7V+VT16CbaCp7JbFD0WRfBYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5DbzO09UaRbJRzONqS/wSLKQEWwyqXpXLQ3KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPFkI3vLLq6Rdr3kXtcuHeqVxk8dRhBM4hXPw4AoacA9NaAGBMTzDK7w5wnlx3p2PRWvByWeO4Q+czx+HCI0/</latexit>

G

<latexit sha1_base64="v7DMrAUSH2lj60cCVyBxNHbv4Ow=">AAAB63icbVBNSwMxEJ2tX7V+VT16CbaCp7JbFD0WPeixgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySj2YaU1/gkWQhI9hkUvWuWhqUK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeLIQvOWXV0m7XvMuapcP9UrjJo+jCCdwCufgwRU04B6a0AICY3iGV3hzhPPivDsfi9aCk88cwx84nz+KFI1B</latexit>

G

<latexit sha1_base64="v7DMrAUSH2lj60cCVyBxNHbv4Ow=">AAAB63icbVBNSwMxEJ2tX7V+VT16CbaCp7JbFD0WPeixgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySj2YaU1/gkWQhI9hkUvWuWhqUK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeLIQvOWXV0m7XvMuapcP9UrjJo+jCCdwCufgwRU04B6a0AICY3iGV3hzhPPivDsfi9aCk88cwx84nz+KFI1B</latexit>



⌦

<latexit sha1_base64="stkaudQD0h62aiewQx95TTWX3YE=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBevbg/r9Su8ziK6Agdo1MUoEtUQ7eojhqIokf0jF7Rm6e8F+/d+5i3Frx85hD9gff5A2HJjwM=</latexit>

�(⌦)

<latexit sha1_base64="2RMz/Vye2I1SOwr+MRlARfjKYTs=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9OLNCvYDukvJptk2NMkuSVYoS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etXWcKkJbJOax6oZYU84kbRlmOO0mimIRctoJx7czv/NElWaxfDSThAYCDyWLGMHGSr7fHLGqfy/oEJ/3yxW35s6BVomXkwrkaPbLX/4gJqmg0hCOte55bmKCDCvDCKfTkp9qmmAyxkPas1RiQXWQzW+eojOrDFAUK1vSoLn6eyLDQuuJCG2nwGakl72Z+J/XS010HWRMJqmhkiwWRSlHJkazANCAKUoMn1iCiWL2VkRGWGFibEwlG4K3/PIqaV/UvHrt8qFeadzkcRThBE6hCh5cQQPuoAktIJDAM7zCm5M6L86787FoLTj5zDH8gfP5Aw1QkQ0=</latexit>

E

<latexit sha1_base64="QfZkL1K/3rnMXnWyb4DS7+JSM+k=">AAAB63icbVBNSwMxEJ2tX7V+VT16CbaCp7JbFD0WRfBYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5DbzO09UaRbJRzONqS/wSLKQEWwyqXpXLQ3KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPFkI3vLLq6Rdr3kXtcuHeqVxk8dRhBM4hXPw4AoacA9NaAGBMTzDK7w5wnlx3p2PRWvByWeO4Q+czx+HCI0/</latexit>

h

<latexit sha1_base64="o0Em+1LrPCqDYpYwPOqewD9gKuI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f0JGM9A==</latexit>

Re

<latexit sha1_base64="sigLm9WPCLPVz3VTEfNNhHoOYsY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8da7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaGC/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfumUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NhlwhcyIiSWUKW5vJWxEFWXGhlOyIXjLL6+S1kXVu6xePVxWard5HEU4gVM4Bw+uoQb3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A22SjU0=</latexit>

Im

<latexit sha1_base64="5AGch+Dz9nYohCud+DdRUQL0PmU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF71FMQ9IljA7mU2GzGOZmRXCkj/w4kERr/6RN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSjHSc0FHggWcwItk56uBO9csWv+jOgZRLkpAI56r3yV7evSCqotIRjYzqBn9gww9oywumk1E0NTTAZ4QHtOCqxoCbMZpdO0IlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6NuozTYnlY0cw0czdisgQa0ysC6fkQggWX14mzbNqcF69uD+v1K7zOIpwBMdwCgFcQg1uoQ4NIBDDM7zCmzfyXrx372PeWvDymUP4A+/zB2wFjUw=</latexit>

Re

<latexit sha1_base64="sigLm9WPCLPVz3VTEfNNhHoOYsY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8da7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaGC/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfumUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NhlwhcyIiSWUKW5vJWxEFWXGhlOyIXjLL6+S1kXVu6xePVxWard5HEU4gVM4Bw+uoQb3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A22SjU0=</latexit>

Im

<latexit sha1_base64="5AGch+Dz9nYohCud+DdRUQL0PmU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF71FMQ9IljA7mU2GzGOZmRXCkj/w4kERr/6RN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSjHSc0FHggWcwItk56uBO9csWv+jOgZRLkpAI56r3yV7evSCqotIRjYzqBn9gww9oywumk1E0NTTAZ4QHtOCqxoCbMZpdO0IlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6NuozTYnlY0cw0czdisgQa0ysC6fkQggWX14mzbNqcF69uD+v1K7zOIpwBMdwCgFcQg1uoQ4NIBDDM7zCmzfyXrx372PeWvDymUP4A+/zB2wFjUw=</latexit>

G

<latexit sha1_base64="iYoXtIDH7/wLb15trIMzizPTxq8=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTui0ZJooSVGERK4kL1lDzbs7V1250wI4SfYWGiMrb/Izn/jAlco+JJJXt6bycy8IJHCoOt+O7mV1bX1jfxmYWt7Z3evuH/waOJUM95gsYx1K6CGS6F4AwVK3ko0p1EgeTMYXk/95hPXRsTqAUcJ9yPaVyIUjKKV7ss35W6x5FbcGcgy8TJSggz1bvGr04tZGnGFTFJj2p6boD+mGgWTfFLopIYnlA1pn7ctVTTixh/PTp2QE6v0SBhrWwrJTP09MaaRMaMosJ0RxYFZ9Kbif147xfDSHwuVpMgVmy8KU0kwJtO/SU9ozlCOLKFMC3srYQOqKUObTsGG4C2+vEweqxXvrHJ+Vy3VrrI48nAEx3AKHlxADW6hDg1g0IdneIU3RzovzrvzMW/NOdnMIfyB8/kDVXWNLQ==</latexit>

� : ⌦ ! A = {z 2 C, 1  |z|  h}

<latexit sha1_base64="+RZMonCOhr77keayQbeWuyZ+oPE="></latexit>

h�k  Zk(E,G)  supz2E �k(z)

infz2G �k(z)

<latexit sha1_base64="S1Z8DXpRcLTtEDXTq3tIMNHw4G4="></latexit>

 1

hk
= h�k.

<latexit sha1_base64="TvAjuJO/08A19HeJzqaQ5G7Gmcg=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4MSRS0Y1QdOOygn1Ak5bJdNIMnUzizEQoIRs3/oobF4q49R/c+TdO2yy09cCFwzn3cu89fsKoVLb9bSwsLi2vrJbWyusbm1vb5s5uU8apwKSBYxaLto8kYZSThqKKkXYiCIp8Rlr+8Hrstx6IkDTmd2qUEC9CA04DipHSUs88cBm5h24gEM6cPAu7wxxewrCbnQxzq2dWbMueAM4TpyAVUKDeM7/cfozTiHCFGZKy49iJ8jIkFMWM5GU3lSRBeIgGpKMpRxGRXjb5IodHWunDIBa6uIIT9fdEhiIpR5GvOyOkQjnrjcX/vE6qggsvozxJFeF4uihIGVQxHEcC+1QQrNhIE4QF1bdCHCKdiNLBlXUIzuzL86R5ajlV6+y2WqldFXGUwD44BMfAAeegBm5AHTQABo/gGbyCN+PJeDHejY9p64JRzOyBPzA+fwBVkpfU</latexit>

=) Zk(E,G) = h�k

<latexit sha1_base64="Wy2npefgf+F5oQmfx9fZkBi+iMY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqaEmkohuhKKLLCvaBbQyT6aQdMpOEmYlQQhdu/BU3LhRx60e482+ctllo64ELh3Pu5d57vJhRqSzr25ibX1hcWs6t5FfX1jc2za3thowSgUkdRywSLQ9JwmhI6ooqRlqxIIh7jDS94GLkNx+IkDQKb9UgJg5HvZD6FCOlJdcsdCjXe4iEd25QujyAV/vwDPbv08Ng6JpFq2yNAWeJnZEiyFBzza9ON8IJJ6HCDEnZtq1YOSkSimJGhvlOIkmMcIB6pK1piDiRTjp+Ygj3tNKFfiR0hQqO1d8TKeJSDrinOzlSfTntjcT/vHai/FMnpWGcKBLiySI/YVBFcJQI7FJBsGIDTRAWVN8KcR8JhJXOLa9DsKdfniWNo7JdKR/fVIrV8yyOHCiAXVACNjgBVXANaqAOMHgEz+AVvBlPxovxbnxMWueMbGYH/IHx+QPcopZQ</latexit>

[(Rubin, Townsend, W., 2021) (Starke, 1992) (Ganelius, 1976, 1979) (Gončar, 1969)] 

h = exp(1/cap(E,G))

<latexit sha1_base64="Gnve2Jt64YWZhHRnnFpq7Xz6C6E=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCu0IDUpim6EooguK9gHNKFMppN26CQZZiZiCd258VfcuFDErb/gzr9x2mahrQcuHM65l3vv8TijUlnWtzE3v7C4tJxZya6urW9smlvbdRnFApMajlgkmh6ShNGQ1BRVjDS5ICjwGGl4/cuR37gnQtIovFMDTtwAdUPqU4yUltrmXr4Hz6FDHnjBPkocEUCM+LBwdQivi8U8bJs5q2SNAWeJnZIcSFFtm19OJ8JxQEKFGZKyZVtcuQkSimJGhlknloQj3Edd0tI0RAGRbjL+YwgPtNKBfiR0hQqO1d8TCQqkHASe7gyQ6slpbyT+57Vi5Z+5CQ15rEiIJ4v8mEEVwVEosEMFwYoNNEFYUH0rxD0kEFY6uqwOwZ5+eZbUyyX7uHRyW85VLtI4MmAX7IMCsMEpqIAbUAU1gMEjeAav4M14Ml6Md+Nj0jpnpDM74A+Mzx8BxpY0</latexit>

Suppose that � is a type (1, 1) rational function...

<latexit sha1_base64="2w43BZ2EMLTkKVzqpfu4oDCKltI=">AAACJHicbVDLSgMxFM3Ud31VXboJtkIFGWaKouBGdOOyotVCW8qdNNOGZjJDckcopR/jxl9x48IHLtz4LaaPhbYeCBzOOZebe4JECoOe9+Vk5uYXFpeWV7Kra+sbm7mt7TsTp5rxCotlrKsBGC6F4hUUKHk10RyiQPL7oHs59O8fuDYiVrfYS3gjgrYSoWCAVmrmzm7SJIkNp9gBpIV6uSMKVBgKdJimhaJ/SP2DAtWjPEgapooNqeu6zVzec70R6CzxJyRPJig3c+/1VszSiCtkEoyp+V6CjT5oFEzyQbaeGp4A60Kb1yxVEHHT6I+OHNB9q7RoGGv7FNKR+nuiD5ExvSiwyQiwY6a9ofifV0sxPG30hUpS5IqNF4WppBiPO2gJzRnKniXAtLB/pawDGhjaXrO2BH/65FlyV3L9I/f4upQ/v5jUsUx2yR4pEp+ckHNyRcqkQhh5JM/klbw5T86L8+F8jqMZZzKzQ/7A+f4BBAOh9A==</latexit>

�k is a type (k, k) rational function.

<latexit sha1_base64="TqXGtNsCJJ/y53wnTCR6ooOoGEk=">AAACF3icbVDLSsNAFJ3UV62vqEs3g41QQUJSFF0W3bisYB/QxjKZTtohk0mYmQil9C/c+CtuXCjiVnf+jZM0C60eGDiccy537vETRqVynC+jtLS8srpWXq9sbG5t75i7e20ZpwKTFo5ZLLo+koRRTlqKKka6iSAo8hnp+OFV5nfuiZA05rdqkhAvQiNOA4qR0tLAtK1+c0zvQgtSCRHMItCqhSfhsQVFnkEMBinHGbXhwKw6tpMD/iVuQaqgQHNgfvaHMU4jwhVmSMqe6yTKmyKhKGZkVumnkiQIh2hEeppyFBHpTfO7ZvBIK0MYxEI/rmCu/pyYokjKSeTrZITUWC56mfif10tVcOFNKU9SRTieLwpSBlU8b2BIBcGKTTRBWFD9V4jHSCCsdJUVXYK7ePJf0q7b7ql9dlOvNi6LOsrgAByCGnDBOWiAa9AELYDBA3gCL+DVeDSejTfjfR4tGcXMPvgF4+MbJU6dcw==</latexit>

ZOLOTAREV’S 3RD PROBLEM IN THE COMPLEX PLANE



� : ⌦ ! A = {z 2 C, 1  |z|  h}

<latexit sha1_base64="+RZMonCOhr77keayQbeWuyZ+oPE="></latexit>

When � isn’t a rational function, the story gets more complicated...

<latexit sha1_base64="2g4p8VJ/cLAY3cDFd63O4MiFbuc="></latexit>

(T. Ganelius) (G. Faber)

• Bound
supz2E |r̃k(z)|
infz2G |r̃k(z)|

from above.

<latexit sha1_base64="yE087n53azddT61COjMGV2HlIlI="></latexit>

• Apply a special “filtering” process to �k(z),

<latexit sha1_base64="u5H1ONvwzEB0fFxmsdtL1VFH/JI="></latexit>

• Results in a type (k, k) rational r̃(z) (Faber rational),

<latexit sha1_base64="e2V0Ic/x7sCGBzGHmyb0vPCIo/s="></latexit>

⌦

<latexit sha1_base64="stkaudQD0h62aiewQx95TTWX3YE=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBevbg/r9Su8ziK6Agdo1MUoEtUQ7eojhqIokf0jF7Rm6e8F+/d+5i3Frx85hD9gff5A2HJjwM=</latexit>

�(⌦)

<latexit sha1_base64="2RMz/Vye2I1SOwr+MRlARfjKYTs=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9OLNCvYDukvJptk2NMkuSVYoS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etXWcKkJbJOax6oZYU84kbRlmOO0mimIRctoJx7czv/NElWaxfDSThAYCDyWLGMHGSr7fHLGqfy/oEJ/3yxW35s6BVomXkwrkaPbLX/4gJqmg0hCOte55bmKCDCvDCKfTkp9qmmAyxkPas1RiQXWQzW+eojOrDFAUK1vSoLn6eyLDQuuJCG2nwGakl72Z+J/XS010HWRMJqmhkiwWRSlHJkazANCAKUoMn1iCiWL2VkRGWGFibEwlG4K3/PIqaV/UvHrt8qFeadzkcRThBE6hCh5cQQPuoAktIJDAM7zCm5M6L86787FoLTj5zDH8gfP5Aw1QkQ0=</latexit>

E

<latexit sha1_base64="QfZkL1K/3rnMXnWyb4DS7+JSM+k=">AAAB63icbVBNSwMxEJ2tX7V+VT16CbaCp7JbFD0WRfBYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5DbzO09UaRbJRzONqS/wSLKQEWwyqXpXLQ3KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPFkI3vLLq6Rdr3kXtcuHeqVxk8dRhBM4hXPw4AoacA9NaAGBMTzDK7w5wnlx3p2PRWvByWeO4Q+czx+HCI0/</latexit>

h

<latexit sha1_base64="o0Em+1LrPCqDYpYwPOqewD9gKuI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f0JGM9A==</latexit>

Re

<latexit sha1_base64="sigLm9WPCLPVz3VTEfNNhHoOYsY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8da7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaGC/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfumUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NhlwhcyIiSWUKW5vJWxEFWXGhlOyIXjLL6+S1kXVu6xePVxWard5HEU4gVM4Bw+uoQb3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A22SjU0=</latexit>

Im

<latexit sha1_base64="5AGch+Dz9nYohCud+DdRUQL0PmU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF71FMQ9IljA7mU2GzGOZmRXCkj/w4kERr/6RN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSjHSc0FHggWcwItk56uBO9csWv+jOgZRLkpAI56r3yV7evSCqotIRjYzqBn9gww9oywumk1E0NTTAZ4QHtOCqxoCbMZpdO0IlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6NuozTYnlY0cw0czdisgQa0ysC6fkQggWX14mzbNqcF69uD+v1K7zOIpwBMdwCgFcQg1uoQ4NIBDDM7zCmzfyXrx372PeWvDymUP4A+/zB2wFjUw=</latexit>

Re

<latexit sha1_base64="sigLm9WPCLPVz3VTEfNNhHoOYsY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8da7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaGC/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfumUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NhlwhcyIiSWUKW5vJWxEFWXGhlOyIXjLL6+S1kXVu6xePVxWard5HEU4gVM4Bw+uoQb3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A22SjU0=</latexit>

Im

<latexit sha1_base64="5AGch+Dz9nYohCud+DdRUQL0PmU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF71FMQ9IljA7mU2GzGOZmRXCkj/w4kERr/6RN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSjHSc0FHggWcwItk56uBO9csWv+jOgZRLkpAI56r3yV7evSCqotIRjYzqBn9gww9oywumk1E0NTTAZ4QHtOCqxoCbMZpdO0IlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6NuozTYnlY0cw0czdisgQa0ysC6fkQggWX14mzbNqcF69uD+v1K7zOIpwBMdwCgFcQg1uoQ4NIBDDM7zCmzfyXrx372PeWvDymUP4A+/zB2wFjUw=</latexit>

G

<latexit sha1_base64="iYoXtIDH7/wLb15trIMzizPTxq8=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTui0ZJooSVGERK4kL1lDzbs7V1250wI4SfYWGiMrb/Izn/jAlco+JJJXt6bycy8IJHCoOt+O7mV1bX1jfxmYWt7Z3evuH/waOJUM95gsYx1K6CGS6F4AwVK3ko0p1EgeTMYXk/95hPXRsTqAUcJ9yPaVyIUjKKV7ss35W6x5FbcGcgy8TJSggz1bvGr04tZGnGFTFJj2p6boD+mGgWTfFLopIYnlA1pn7ctVTTixh/PTp2QE6v0SBhrWwrJTP09MaaRMaMosJ0RxYFZ9Kbif147xfDSHwuVpMgVmy8KU0kwJtO/SU9ozlCOLKFMC3srYQOqKUObTsGG4C2+vEweqxXvrHJ+Vy3VrrI48nAEx3AKHlxADW6hDg1g0IdneIU3RzovzrvzMW/NOdnMIfyB8/kDVXWNLQ==</latexit>

[(Rubin, Townsend, W., 2021) (Ganelius, 1976, 1979)] 

THE FABER RATIONAL FUNCTIONS



[(Rubin, Townsend, W., 2021) (Ganelius, 1976, 1979)] 

Zk(E,G)  16h�k +O(h�2k).

<latexit sha1_base64="k9H9IDUmHvE+oT1DUSi0I6x3MG4="></latexit>

*We have an inelegant explicit upper bound and expression for k0.

<latexit sha1_base64="LQuIwewcYIhtWHGWcZzciLbWjag="></latexit>
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h ⇡ 1.5

<latexit sha1_base64="3nyt8RaN3IfN00BNhEd9V1ngwPA=">AAAB+nicbVDLTsMwEHTKq4RXCkcuFi0SpyipqOBYwYVjkehDaqPKcZ3WquNYtgNUoZ/ChQMIceVLuPE3uG0O0DLSSqOZXe3uhIJRpT3v2yqsrW9sbhW37Z3dvf0Dp3TYUkkqMWnihCWyEyJFGOWkqalmpCMkQXHISDscX8/89j2Riib8Tk8ECWI05DSiGGkj9Z1SZQR7SAiZPELfrVVs2HfKnuvNAVeJn5MyyNHoO1+9QYLTmHCNGVKq63tCBxmSmmJGpnYvVUQgPEZD0jWUo5ioIJufPoWnRhnAKJGmuIZz9fdEhmKlJnFoOmOkR2rZm4n/ed1UR5dBRrlINeF4sShKGdQJnOUAB1QSrNnEEIQlNbdCPEISYW3Ssk0I/vLLq6RVdf1zt3ZbLdev8jiK4BicgDPggwtQBzegAZoAgwfwDF7Bm/VkvVjv1seitWDlM0fgD6zPHy06kf8=</latexit>

h ⇡ 3.4

<latexit sha1_base64="7wvBIE0WPDaTGCq4gXicuhdUI7s=">AAAB+nicbVDLTsMwEHR4lvBK4cjFokXiFCWlCI4VXDgWiT6kNqoc12mtOnZkO0AV+ilcOIAQV76EG3+D2+YALSOtNJrZ1e5OmDCqtOd9Wyura+sbm4Ute3tnd2/fKR40lUglJg0smJDtECnCKCcNTTUj7UQSFIeMtMLR9dRv3ROpqOB3epyQIEYDTiOKkTZSzymWh7CLkkSKR3jmVss27Dklz/VmgMvEz0kJ5Kj3nK9uX+A0JlxjhpTq+F6igwxJTTEjE7ubKpIgPEID0jGUo5ioIJudPoEnRunDSEhTXMOZ+nsiQ7FS4zg0nTHSQ7XoTcX/vE6qo8sgozxJNeF4vihKGdQCTnOAfSoJ1mxsCMKSmlshHiKJsDZp2SYEf/HlZdKsuH7VPb+tlGpXeRwFcASOwSnwwQWogRtQBw2AwQN4Bq/gzXqyXqx362PeumLlM4fgD6zPHy7FkgA=</latexit>

h ⇡ 10.7

<latexit sha1_base64="GhFkrFf4n+oOhbc66ZHStNXkXFY=">AAAB+3icbVBNTwIxEO3iF+LXikcvjWDiabNLNHgkevGIiSAJbEi3dKGh2zZt10A2/BUvHjTGq3/Em//GAntQ8CWTvLw3k5l5kWRUG9//dgobm1vbO8Xd0t7+weGRe1xua5EqTFpYMKE6EdKEUU5ahhpGOlIRlESMPEbj27n/+ESUpoI/mKkkYYKGnMYUI2OlvluujmAPSanEBAa+V6+WYN+t+J6/AFwnQU4qIEez7371BgKnCeEGM6R1N/ClCTOkDMWMzEq9VBOJ8BgNSddSjhKiw2xx+wyeW2UAY6FscQMX6u+JDCVaT5PIdibIjPSqNxf/87qpia/DjHKZGsLxclGcMmgEnAcBB1QRbNjUEoQVtbdCPEIKYWPjKtkQgtWX10m75gWX3tV9rdK4yeMoglNwBi5AAOqgAe5AE7QABhPwDF7BmzNzXpx352PZWnDymRPwB87nD6MOkjs=</latexit>

h ⇡
103.3

<latexit sha1_base64="rdC1rdZxF510d85oCaGzosnPrFU=">AAAB/HicbVDLSsNAFJ3UV42vaJduBlvBVUlaRZdFNy4r2Ae0oUymk3boZCbMTMQQ6q+4caGIWz/EnX/jtM1CWw9cOJxzL/feE8SMKu2631ZhbX1jc6u4be/s7u0fOIdHbSUSiUkLCyZkN0CKMMpJS1PNSDeWBEUBI51gcjPzOw9EKir4vU5j4kdoxGlIMdJGGjilyhj2URxL8Qg9t16tV2w4cMpu1Z0DrhIvJ2WQozlwvvpDgZOIcI0ZUqrnubH2MyQ1xYxM7X6iSIzwBI1Iz1COIqL8bH78FJ4aZQhDIU1xDefq74kMRUqlUWA6I6THatmbif95vUSHV35GeZxowvFiUZgwqAWcJQGHVBKsWWoIwpKaWyEeI4mwNnnZJgRv+eVV0q5VvfPqxV2t3LjO4yiCY3ACzoAHLkED3IImaAEMUvAMXsGb9WS9WO/Wx6K1YOUzJfAH1ucPFJSSdA==</latexit>
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<latexit sha1_base64="CTidrnM57jNXzmimXO1PSwXsdFo=">AAACB3icbZDLSsNAFIYnXmu8RV0KMtgKFbQkRdFlUQSXFewF2xAm00k7dDIJMxOhtN258VXcuFDEra/gzrdx2kbQ1h8GPv5zDmfO78eMSmXbX8bc/MLi0nJmxVxdW9/YtLa2qzJKBCYVHLFI1H0kCaOcVBRVjNRjQVDoM1Lzu5ejeu2eCEkjfqt6MXFD1OY0oBgpbXnWXm5w53XzV14TsbiDjuDxDx4Ocib0rKxdsMeCs+CkkAWpyp712WxFOAkJV5ghKRuOHSu3j4SimJGh2UwkiRHuojZpaOQoJNLtj+8YwgPttGAQCf24gmP390QfhVL2Ql93hkh15HRtZP5XayQqOHf7lMeJIhxPFgUJgyqCo1BgiwqCFetpQFhQ/VeIO0ggrHR0pg7BmT55FqrFgnNSOL0pZksXaRwZsAv2QR444AyUwDUogwrA4AE8gRfwajwaz8ab8T5pnTPSmR3wR8bHN6j2l0E=</latexit>

k

<latexit sha1_base64="Z+Wxx0t7Wt17lW5jdBfNW5UWx9I=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZTW1jc2t8rb7s7u3v5B5fCorWWmCA2I5FJ1IqwpZ4IGhhlOO6miOIk4fYzGtzP/8YkqzaR4MJOUhgkeChYzgo2Vgtq45qJ+perVvTnQKvELUoUCrX7lqzeQJEuoMIRjrbu+l5owx8owwunU7WWappiM8ZB2LRU4oTrM58dO0ZlVBiiWypYwaK7+nshxovUkiWxngs1IL3sz8T+vm5n4OsyZSDNDBVksijOOjESzz9GAKUoMn1iCiWL2VkRGWGFibD6uDcFffnmVtBt1/6J+ed+oNm+KOMpwAqdwDj5cQRPuoAUBEGDwDK/w5gjnxXl3PhatJaeYOYY/cD5/ABcijY8=</latexit>

E↵

<latexit sha1_base64="9UJBHXVEz+aBH36rZuLYqCDd3FY=">AAAB83icbVBNSwMxEM3Wr7p+VT16CbaCp7JbFD0WRfBYwX5AdymzabYNzWZDkhVK6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsmZNp737RTW1jc2t4rb7s7u3v5B6fCopdNMEdokKU9VJwJNORO0aZjhtCMVhSTitB2Nbmd++4kqzVLxaMaShgkMBIsZAWOloHLXC4DLIVRc3CuVvao3B14lfk7KKEejV/oK+inJEioM4aB11/ekCSegDCOcTt0g01QCGcGAdi0VkFAdTuY3T/GZVfo4TpUtYfBc/T0xgUTrcRLZzgTMUC97M/E/r5uZ+DqcMCEzQwVZLIozjk2KZwHgPlOUGD62BIhi9lZMhqCAGBuTa0Pwl19eJa1a1b+oXj7UyvWbPI4iOkGn6Bz56ArV0T1qoCYiSKJn9IrenMx5cd6dj0VrwclnjtEfOJ8/H72QcA==</latexit>

�E↵

<latexit sha1_base64="Y11BVwfx0d90QAh8u4sMc6BMxtc=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYCJ4MewGRY9BETxGMA9IltA7mU2GzD6cmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxYIrbdvf1srq2vrGZm4rv72zu7dfODhsqCiRlNVpJCLZ8lAxwUNW11wL1oolw8ATrOkNb6d+c8Sk4lH4qMcxcwPsh9znFLWR3NL5XbeDIh5gKU+6haJdtmcgy8TJSBEy1LqFr04voknAQk0FKtV27Fi7KUrNqWCTfCdRLEY6xD5rGxpiwJSbzo6ekFOj9IgfSVOhJjP190SKgVLjwDOdAeqBWvSm4n9eO9H+tZvyME40C+l8kZ8IoiMyTYD0uGRUi7EhSCU3txI6QIlUm5zyJgRn8eVl0qiUnYvy5UOlWL3J4sjBMZzAGThwBVW4hxrUgcITPMMrvFkj68V6tz7mrStWNnMEf2B9/gCK/pCn</latexit>

Re

<latexit sha1_base64="swYs8/qcZLZuxQfOfStip4x4tHo=">AAAB63icbVBNS8NAEN3Urxq/qh69LBbBU0mkoseiF49V7Ae0oWy2k3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Vtd2d3b/+gcnjU1nGqKLRozGPVDYkGziS0DDMcuokCIkIOnXBym/udJ1CaxfLRTBMIBBlJFjFKTC49gIsHlapX8+bAq8QvSBUVaA4qX/1hTFMB0lBOtO75XmKCjCjDKIeZ2081JIROyAh6lkoiQAfZ/NYZPrPKEEexsiUNnqu/JzIitJ6K0HYKYsZ62cvF/7xeaqLrIGMySQ1IulgUpRybGOeP4yFTQA2fWkKoYvZWTMdEEWpsPK4NwV9+eZW0L2p+vXZ5X682boo4yugEnaJz5KMr1EB3qIlaiKIxekav6M0Rzovz7nwsWktOMXOM/sD5/AH4gI2L</latexit>

Im

<latexit sha1_base64="RhIs/PN1f/JL55BTK5flZ4mAnkg=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0mkoseiF71VsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW33Z3dvf2DyuFRW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpv7nSeqNIvlo5kmNBB4JFnECDa5dC9cNKhUvZo3B1olfkGqUKA5qHz1hzFJBZWGcKx1z/cSE2RYGUY4nbn9VNMEkwke0Z6lEguqg2x+6wydWWWIoljZkgbN1d8TGRZaT0VoOwU2Y73s5eJ/Xi810XWQMZmkhkqyWBSlHJkY5Y+jIVOUGD61BBPF7K2IjLHCxNh4XBuCv/zyKmlf1Px67fKhXm3cFHGU4QRO4Rx8uIIG3EETWkBgDM/wCm+OcF6cd+dj0Vpyiplj+APn8wf28Y2K</latexit>

Theorem (Rubin, Townsend, W., 2021) If E,G are disjoint, bounded open con-
vex sets in C, then there is k0 where for k > k0,

<latexit sha1_base64="s8HR5HF35tOsiyjcnEBgMhkgQ2k="></latexit>

h �
k
(G
ončar’s

low
er
bound)

<latexit sha1_base64="7u6T+BmJ7EhH7fHKZ6nH4tyqXow=">AAACDHicbVDLTgIxFO3gC/GFunTTCEZcSGaIRpdEF7rERB4JjKTTKdDQaSdtB0Mm8wFu/BU3LjTGrR/gzr+xwCwUPUmTk3POze09Xsio0rb9ZWUWFpeWV7KrubX1jc2t/PZOQ4lIYlLHggnZ8pAijHJS11Qz0golQYHHSNMbXk785ohIRQW/1eOQuAHqc9qjGGkjdfOF4uAuPh4mRVi6ErwzinGC5KGCTNwTCT0Rcf/IpOyyPQX8S5yUFECKWjf/2fEFjgLCNWZIqbZjh9qNkdQUM5LkOpEiIcJD1CdtQzkKiHLj6TEJPDCKD3tCmsc1nKo/J2IUKDUOPJMMkB6oeW8i/ue1I907d2PKw0gTjmeLehGDWsBJM9CnkmDNxoYgLKn5K8QDJBHWpr+cKcGZP/kvaVTKzkn59KZSqF6kdWTBHtgHJeCAM1AF16AG6gCDB/AEXsCr9Wg9W2/W+yyasdKZXfAL1sc3CY2aXQ==</latexit>

⇡<latexit sha1_base64="SRWvNz75D1yL3QwbjEKbvp2ANO8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVih6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDWrVy/tapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5X6j74=</latexit>

ZOLOTAREV’S 3RD PROBLEM IN THE COMPLEX PLANE



Starke (1992)

<latexit sha1_base64="hg4qfvB05LwXxN3WLiCSXwz+aqk=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9klGuVG9OIRozwS2JDZYRYmzD6c6SUhhO/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0uh0ba/rcza+sbmVnY7t7O7t3+QPzxq6ChRjNdZJCPV8qjmUoS8jgIlb8WK08CTvOkNb2d+c8SVFlH4iOOYuwHth8IXjKKR3AekashJ0alUyufdfMEu2XOQVeKkpAApat38V6cXsSTgITJJtW47dozuhCoUTPJprpNoHlM2pH3eNjSkAdfuZH70lJwZpUf8SJkKkczV3xMTGmg9DjzTGVAc6GVvJv7ntRP0r92JCOMEecgWi/xEEozILAHSE4ozlGNDKFPC3ErYgCrK0OSUMyE4yy+vkka55FyULu/LhepNGkcWTuAUiuDAFVThDmpQBwZP8Ayv8GaNrBfr3fpYtGasdOYY/sD6/AGfEJCy</latexit>

Beckermann, Kressner, W. (2021)

<latexit sha1_base64="4HmQPAOfY4KP06VVeRv4SFJ0W28=">AAACCHicbVA9SwNBEN2LXzF+RS0tXAxChHDcBUXLEBvBJoL5gOQIe5u5ZMne3rG7J4SQ0sa/YmOhiK0/wc5/4ya5QhMfDDzem2Fmnh9zprTjfFuZldW19Y3sZm5re2d3L79/0FBRIinUacQj2fKJAs4E1DXTHFqxBBL6HJr+8HrqNx9AKhaJez2KwQtJX7CAUaKN1M0fV4EOQYZEiBK+laCUAFnCTRsXy07ZPevmC47tzICXiZuSAkpR6+a/Or2IJiEITTlRqu06sfbGRGpGOUxynURBTOiQ9KFtqCAhKG88e2SCT43Sw0EkTQmNZ+rviTEJlRqFvukMiR6oRW8q/ue1Ex1ceWMm4kSDoPNFQcKxjvA0FdxjEqjmI0MIlczciumASEK1yS5nQnAXX14mjbLtntsXd+VCpZrGkUVH6AQVkYsuUQXdoBqqI4oe0TN6RW/Wk/VivVsf89aMlc4coj+wPn8ALi2XfQ==</latexit>

Rubin, Townsend, W. (2021)

<latexit sha1_base64="Fs1DcatJEa4DQkJgpOH0IaqTkcM=">AAACA3icbVDLSsNAFJ34rPUVdaebwSJUKCEJii6LblxW6QvaUCaTSTt0MgkzE6WEght/xY0LRdz6E+78G6dtFtp64MLhnHu59x4/YVQq2/42lpZXVtfWCxvFza3tnV1zb78p41Rg0sAxi0XbR5IwyklDUcVIOxEERT4jLX94PfFb90RIGvO6GiXEi1Cf05BipLTUMw/vUp/yCqzHD1wSHlRgy4Jl13ad055Zsi17CrhInJyUQI5az/zqBjFOI8IVZkjKjmMnysuQUBQzMi52U0kShIeoTzqachQR6WXTH8bwRCsBDGOhiys4VX9PZCiSchT5ujNCaiDnvYn4n9dJVXjpZZQnqSIczxaFKYMqhpNAYEAFwYqNNEFYUH0rxAMkEFY6tqIOwZl/eZE0Xcs5s85v3VL1Ko+jAI7AMSgDB1yAKrgBNdAAGDyCZ/AK3own48V4Nz5mrUtGPnMA/sD4/AFM7pVa</latexit>

Disjoint sets E and G Bound Reference
finite intervals of R Zk(E,G)  4h�k

disks in C Zk(E,G)  h�k

arcs on a circle C Zk(E,G)  4h�k

more general sets in C Zk(E,G)  9h�k +O(h�2k)

<latexit sha1_base64="RMmYjNwC0Jy3k+Y5TIJtox/Coqk="></latexit>

Beckermann, Townsend (2017)

<latexit sha1_base64="igqMhbIKXpZtYxJSD1sso1aMWA4=">AAACBHicbVA9SwNBEN3zM8avU8s0i0GIIOEuKLEMsbGMkC9IjrC3N0mW7O0du3tKCCls/Cs2ForY+iPs/Ddukis08cHA470ZZub5MWdKO863tba+sbm1ndnJ7u7tHxzaR8dNFSWSQoNGPJJtnyjgTEBDM82hHUsgoc+h5Y9uZn7rHqRikajrcQxeSAaC9Rkl2kg9O1cFOgIZEiEucD16EApEgAslxy2f9+y8U3TmwKvETUkepaj17K9uENEkBKEpJ0p1XCfW3oRIzSiHababKIgJHZEBdAwVJATlTeZPTPGZUQLcj6QpofFc/T0xIaFS49A3nSHRQ7XszcT/vE6i+9fehIk40SDoYlE/4VhHeJYIDpgEqvnYEEIlM7diOiSSUG1yy5oQ3OWXV0mzVHQvi1d3pXylmsaRQTl0igrIRWVUQbeohhqIokf0jF7Rm/VkvVjv1seidc1KZ07QH1ifP0cOlo4=</latexit>

[(Rubin, Townsend, W., 2021)  (Trefethen, 2020) (Nakatsukasa, Trefethen, & Sète, 2018)] 

• Bounds on singular values for families of matrices.

<latexit sha1_base64="lRf5/4dU0cELn8IS4LL53nNyyBU="></latexit>

• Bounds for rational approximation to sign(z) on E,G.

<latexit sha1_base64="7T6qqtXHEOgXSZk1SgTMCVCoSdM="></latexit>

Zk(E,G)  16h�k +O(h�2k)

<latexit sha1_base64="gI5tjWAo6IILpKBMx6y6LhBmMNM="></latexit>

• New ideas for computing ADI shift parameters.

<latexit sha1_base64="YI+91+EEBtycOjEhzUA26T1TV54="></latexit>

ZOLOTAREV’S 3RD PROBLEM IN THE COMPLEX PLANE

Many modern tools available to compute � (and h)

<latexit sha1_base64="A44wh9IZm1jdklpSoNoh/2IzhaA=">AAACIHicbVDLTgIxFO3gG1+oSzeNYIIbMkM0uDS6cWOCiQgJEHKnU6Chj0nbISGET3Hjr7hxoTG606+xgywUPEmT03Mf7TlhzJmxvv/pZZaWV1bX1jeym1vbO7u5vf17oxJNaI0ornQjBEM5k7RmmeW0EWsKIuS0Hg6u0np9SLVhSt7ZUUzbAnqSdRkB66ROrnIDcoSFiqiW2CrFDYYhMA5ugbtjokScWIoLrWqfFXARZIQL/cJJJ5f3S/4UeJEEM5JHM1Q7uY9WpEgiqLSEgzHNwI9tewzaMsLpJNtKDI2BDKBHm45KENS0x1ODE3zslAh3lXZHWjxVf0+MQRgzEqHrFGD7Zr6Wiv/VmontnrfHTKYeJfl5qJvw1HmaFo6YpsTykSNANHN/xaQPGoh1mWZdCMG85UVyXy4Fp6Wz23L+4nIWxzo6REeoiAJUQRfoGlVRDRH0gJ7QC3r1Hr1n7817/2nNeLOZA/QH3tc3FyKhnA==</latexit>

(Gaier, Schiffer, Nasser)

Lightning Laplace solver

<latexit sha1_base64="SOezPS2Pz4Dum9QdgIezGBrXfNY=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkKLosunHRRQX7gDaUyfQmHTqZhJmJUELd+CtuXCji1r9w5984bbPQ1gMDh3Pu4c49fsKZ0o7zbRVWVtfWN4qbpa3tnd09e/+gpeJUUmjSmMey4xMFnAloaqY5dBIJJPI5tP3RzdRvP4BULBb3epyAF5FQsIBRoo3Ut4/qLBxqwUSI6yThhAJWMTeJvl12Ks4MeJm4OSmjHI2+/dUbxDSNQGjKiVJd10m0lxGpGeUwKfVSBQmhIxJC11BBIlBeNrtggk+NMsBBLM0TGs/U34mMREqNI99MRkQP1aI3Ff/zuqkOrryMiSTVIOh8UZByrGM8rQMPmASq+dgQQiUzf8V0SCSh2pRWMiW4iycvk1a14p5XLu6q5dp1XkcRHaMTdIZcdIlq6BY1UBNR9Iie0St6s56sF+vd+piPFqw8c4j+wPr8AVVQltI=</latexit>

(Trefethen, Gopal, Baddoo)

Schwarz-Christo↵el methods

<latexit sha1_base64="x4eUrgtQy/ELZdE4APFFxrncMJ0=">AAACBHicbVA9SwNBEN3zM8avU8s0i0GwMdwFRctgGsuI5gOSI+xt5nJL9m6P3T0lhhQ2/hUbC0Vs/RF2/hs3yRWa+GDg8d4MM/P8hDOlHefbWlpeWV1bz23kN7e2d3btvf2GEqmkUKeCC9nyiQLOYqhrpjm0Egkk8jk0/UF14jfvQCom4ls9TMCLSD9mAaNEG6lrF25oeE/kw0k1lGabCALgOAIdip7q2kWn5EyBF4mbkSLKUOvaX52eoGkEsaacKNV2nUR7IyI1oxzG+U6qICF0QPrQNjQmEShvNH1ijI+M0sOBkKZijafq74kRiZQaRr7pjIgO1bw3Ef/z2qkOLrwRi5NUQ0xni4KUYy3wJBHcYxKo5kNDCJXM3IppSCSh2uSWNyG48y8vkka55J6Wzq7LxcplFkcOFdAhOkYuOkcVdIVqqI4oekTP6BW9WU/Wi/Vufcxal6xs5gD9gfX5AwszmFs=</latexit>

(Delillo, Elcrat, Driscoll, Crowdy, many more…)

Integral formulations

<latexit sha1_base64="vCGX+mkAE8IKnJIJpm7iELtc7KU=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkpSFD0Wveitgv2ANpTNdtIu3d2E3Y1QQsG/4sWDIl79Hd78N27SHLT1wcDjvRlm5gUxo0q77rdVWlldW98ob1a2tnd29+z9g7aKEkmgRSIWyW6AFTAqoKWpZtCNJWAeMOgEk5vM7zyCVDQSD3oag8/xSNCQEqyNNLCP7oSGkcTMCSPJE5bLamBX3Zqbw1kmXkGqqEBzYH/1hxFJOAhNGFaq57mx9lMsNSUMZpV+oiDGZIJH0DNUYA7KT/PzZ86pUYbZflNCO7n6eyLFXKkpD0wnx3qsFr1M/M/rJTq88lMq4kSDIPNFYcIcHTlZFs6QSiCaTQ3BRFJzq0PGWGKiTWIVE4K3+PIyaddr3nnt4r5ebVwXcZTRMTpBZ8hDl6iBblETtRBBKXpGr+jNerJerHfrY95asoqZQ/QH1ucPuJyV/A==</latexit>

To compute/evaluate ��1

<latexit sha1_base64="cVD4EPvFbKouxT3DxzZEYgt+o9c=">AAACCHicbVC7TsMwFHV4lvIKMDJg0SKxUJIKBGMFC2OR+pLaUjnubWvViSPbqVRFHVn4FRYGEGLlE9j4G5w2A7QcydLROffq+hwv5Expx/m2lpZXVtfWMxvZza3tnV17b7+mRCQpVKngQjY8ooCzAKqaaQ6NUALxPQ51b3ib+PURSMVEUNHjENo+6QesxyjRRurYRxWBqfDDSMM5jAiPiAacb5UH7CE+cyf5jp1zCs4UeJG4KcmhFOWO/dXqChr5EGjKiVJN1wl1OyZSM8phkm1FCkJCh6QPTUMD4oNqx9MgE3xilC7uCWleoPFU/b0RE1+pse+ZSZ/ogZr3EvE/rxnp3nU7ZkGSM6CzQ72IYy1w0gruMglU87EhhEpm/orpgEhCtekua0pw5yMvklqx4F4ULu+LudJNWkcGHaJjdIpcdIVK6A6VURVR9Iie0St6s56sF+vd+piNLlnpzgH6A+vzB1nQmOY=</latexit>

Construct a complex-valued barycentric rational interpolant to samples (�(z), z).

<latexit sha1_base64="Ue3ToCc6S657tFkIc5C6+lAbEBc="></latexit>

CONFORMAL MAPS
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ZOLOTAREV’S 4TH PROBLEM AND THE MATRIX/
OPERATOR-VALUED  SQUARE ROOT FUNCTION

Let r̂k be the best type (2k + 1, 2k) approx. to sgn(z), z 2 [�1,�↵2] [ [↵2, 1].

<latexit sha1_base64="XkBnVsAZtS80h45qSA2mm62cv+8="></latexit>

Compute
p
A.

<latexit sha1_base64="AnNV8NL1KfzAt2d7uFzwtnYiYzk=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g63gKiRF0WW1G5cV7APaUCbTSTt0ZhJnJkINxV9x40IRt/6HO//GSZuFth64cDjnXu69J4gZVdp1v62l5ZXVtfXCRnFza3tn197bb6ookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVjGqZ33ogUtFI3OlxTHyOBoKGFCNtpJ59WIt4nGgCy111L3V6NSk7sGeXXMedAi4SLyclkKPes7+6/QgnnAiNGVKq47mx9lMkNcWMTIrdRJEY4REakI6hAnGi/HR6/QSeGKUPw0iaEhpO1d8TKeJKjXlgOjnSQzXvZeJ/XifR4aWfUpH9J/BsUZgwqCOYRQH7VBKs2dgQhCU1t0I8RBJhbQIrmhC8+ZcXSbPieGfO+W2lVL3O4yiAI3AMToEHLkAV3IA6aAAMHsEzeAVv1pP1Yr1bH7PWJSufOQB/YH3+ADc6lGs=</latexit>

Consider a matrix A 2 Rn⇥n and let �(A) ⇢ [↵, 1].

<latexit sha1_base64="qVRFZ6W7BqO/3A4zepSylUKx7Ck="></latexit>

x

<latexit sha1_base64="Zz4/LiDb/OqddYSk7lupk6BXSM0=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1G+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOgxjQI=</latexit>

Letting x = z2,

<latexit sha1_base64="vjremWEG88wmAlYA51og0trRiGY=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg4ngQcJuUPQiBL148BDBPCCJYXYymwyZnV1mesV1ib/ixYMiXv0Qb/6Nk8dBEwsaiqpuuru8SHANjvNtLSwuLa+sZtay6xubW9v2zm5Nh7GirEpDEaqGRzQTXLIqcBCsESlGAk+wuje4HPn1e6Y0D+UtJBFrB6Qnuc8pASN17Nw1A+CyhwsP+Bw/3pUKR7hj552iMwaeJ+6U5NEUlY791eqGNA6YBCqI1k3XiaCdEgWcCjbMtmLNIkIHpMeahkoSMN1Ox8cP8YFRutgPlSkJeKz+nkhJoHUSeKYzINDXs95I/M9rxuCftVMuoxiYpJNFfiwwhHiUBO5yxSiIxBBCFTe3YtonilAweWVNCO7sy/OkViq6x8WTm1K+fDGNI4P20D46RC46RWV0hSqoiihK0DN6RW/Wk/VivVsfk9YFazqTQ39gff4A4xmS+Q==</latexit>

|sgn(z)� r̂k(z)|

<latexit sha1_base64="NDlsm36q1ZhFfsi5B5R3P7N5QtY=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEhloEpQEYwVLIxFog+piSLHdVqrjhPZDlJJs7LwKywMIMTKH7DxNzhtBmg50pWOz7lXvvf4MaNSWda3sbS8srq2Xtoob25t7+yae/ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fij69zv3BMhacTv1DgmbogGnAYUI6Ulz4QTmDoihHLAs+rDCTyFzhCpVGTeKH9OoGdWrJo1BVwkdkEqoEDTM7+cfoSTkHCFGZKyZ1uxclMkFMWMZGUnkSRGeIQGpKcpRyGRbjq9JIPHWunDIBK6uIJT9fdEikIpx6GvO0OkhnLey8X/vF6igks3pTxOFOF49lGQMKgimMcC+1QQrNhYE4QF1btCPEQCYaXDK+sQ7PmTF0n7rGbXa+e39UrjqoijBA7BEagCG1yABrgBTdACGDyCZ/AK3own48V4Nz5mrUtGMXMA/sD4/AEk9Ji2</latexit>

=

����
z

|z| � z
pk(z2)

qk(z2)

����

<latexit sha1_base64="4R44jdahjCNNokj1ykMTbUmXOfo="></latexit>

E2k+1,2k :=

<latexit sha1_base64="HLJwBEUlZnpiDBuMAxg/Hy3phQE=">AAAB+XicbVDLSsNAFL3xWesr6tLNYCsISkmCoghCUQSXFewD2hAm02k7ZPJgZlIooX/ixoUibv0Td/6N0zYLbT1w4XDOvdx7j59wJpVlfRtLyyura+uFjeLm1vbOrrm335BxKgitk5jHouVjSTmLaF0xxWkrERSHPqdNP7ib+M0hFZLF0ZMaJdQNcT9iPUaw0pJnmuV7L3OCU/sMOcH4+qbsmSWrYk2BFomdkxLkqHnmV6cbkzSkkSIcS9m2rUS5GRaKEU7HxU4qaYJJgPu0rWmEQyrdbHr5GB1rpYt6sdAVKTRVf09kOJRyFPq6M8RqIOe9ifif105V78rNWJSkikZktqiXcqRiNIkBdZmgRPGRJpgIpm9FZIAFJkqHVdQh2PMvL5KGU7HPKxePTql6m8dRgEM4ghOw4RKq8AA1qAOBITzDK7wZmfFivBsfs9YlI585gD8wPn8AYeiRjg==</latexit>
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relative error when k = 3

<latexit sha1_base64="PfWUG0pqOnNnLJ5eaV4nfucUxuw=">AAACBHicbZA9TwJBEIb38Avx69SSZiOYWJE71GhjQrSxxEQ+EiBkb5mDDXt7l909DLlQ2PhXbCw0xtYfYee/cYErFJzqyfvOZGZeL+JMacf5tjIrq2vrG9nN3Nb2zu6evX9QV2EsKdRoyEPZ9IgCzgTUNNMcmpEEEngcGt7wZuo3RiAVC8W9HkfQCUhfMJ9Roo3UtfMSuMERYJAylPhhAAIXh/gKnxa7dsEpObPCy+CmUEBpVbv2V7sX0jgAoSknSrVcJ9KdhEjNKIdJrh0riAgdkj60DAoSgOoksycm+NgoPeybG/xQaDxTf08kJFBqHHimMyB6oBa9qfif14q1f9lJmIhiDYLOF/kxxzrE00Rwj0mgmo8NECqZuRXTAZGEapNbzoTgLr68DPVyyT0rnd+VC5XrNI4syqMjdIJcdIEq6BZVUQ1R9Iie0St6s56sF+vd+pi3Zqx05hD9KevzB4/8lro=</latexit>

rational approximation to
p
x on [↵, 1].

<latexit sha1_base64="eyR3gdvQzipJRU2z6lKnZwjtT/c=">AAACIHicbVDLTgIxFO3gC/GFunTTCCYuDJkhGlwS3bjERB4JTMidUqChM1PbjoFM+BQ3/oobFxqjO/0aOwMLBU/S5PSce3PvPZ7gTGnb/rIyK6tr6xvZzdzW9s7uXn7/oKHCSBJaJyEPZcsDRTkLaF0zzWlLSAq+x2nTG10nfvOBSsXC4E5PBHV9GASszwhoI3XzFZkS4BiEkOGY+ekf6xAXO+pe6ng8LWIjFNsd4GIIZ9hxiyXczRfskp0CLxNnTgpojlo3/9nphSTyaaAJB6Xaji20G4PUjHA6zXUiRQWQEQxo29AAfKrcOD1wik+M0sP9UJoXaJyqvzti8JWa+J6pNPsP1aKXiP957Uj3L92YBSLSNCCzQf2IJ+cnaeEek5RoPjEEiGRmV0yGIIFok2nOhOAsnrxMGuWSc166uC0XqlfzOLLoCB2jU+SgCqqiG1RDdUTQI3pGr+jNerJerHfrY1aaseY9h+gPrO8fAXGiJw==</latexit>

Gives the best type (k + 1, k) relative

<latexit sha1_base64="8yhwOzmGSLf8in34VasmtGcX0M0=">AAACD3icbVC7SgNBFJ2NrxhfUUubwUSJKGE3KFoGLbSMYB6QhDA7uUmGnX0wczcQQv7Axl+xsVDE1tbOv3HyKDTxwMDhnHO5c48bSaHRtr+txNLyyupacj21sbm1vZPe3avoMFYcyjyUoaq5TIMUAZRRoIRapID5roSq692M/WoflBZh8ICDCJo+6waiIzhDI7XSx7eiD5piD6gLGuk4Q7M579Q5806yVIE0wT600hk7b09AF4kzIxkyQ6mV/mq0Qx77ECCXTOu6Y0fYHDKFgksYpRqxhohxj3WhbmjAfNDN4eSeET0ySpt2QmVegHSi/p4YMl/rge+apM+wp+e9sfifV4+xc9UciiCKEQI+XdSJJcVwenhbKOAoB4YwroT5K+U9phhHU2HKlODMn7xIKoW8c56/uC9kitezOpLkgBySHHHIJSmSO1IiZcLJI3kmr+TNerJerHfrYxpNWLOZffIH1ucPGtaazw==</latexit>

E2k+1,2k =

����
p
x� x

pk(x)

qk(x)

���� /|
p
x|, x 2 [↵, 1]

<latexit sha1_base64="lHHfvlCPbQVqiP0njdTxDE9pbUU="></latexit>



ZOLOTAREV’S 4TH PROBLEM AND THE MATRIX/
OPERATOR-VALUED  SQUARE ROOT FUNCTION

Let r̂k be the best type (2k + 1, 2k) approx. to sgn(z), z 2 [�1,�↵2] [ [↵2, 1].

<latexit sha1_base64="XkBnVsAZtS80h45qSA2mm62cv+8="></latexit>

Compute
p
A.

<latexit sha1_base64="AnNV8NL1KfzAt2d7uFzwtnYiYzk=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g63gKiRF0WW1G5cV7APaUCbTSTt0ZhJnJkINxV9x40IRt/6HO//GSZuFth64cDjnXu69J4gZVdp1v62l5ZXVtfXCRnFza3tn197bb6ookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVjGqZ33ogUtFI3OlxTHyOBoKGFCNtpJ59WIt4nGgCy111L3V6NSk7sGeXXMedAi4SLyclkKPes7+6/QgnnAiNGVKq47mx9lMkNcWMTIrdRJEY4REakI6hAnGi/HR6/QSeGKUPw0iaEhpO1d8TKeJKjXlgOjnSQzXvZeJ/XifR4aWfUpH9J/BsUZgwqCOYRQH7VBKs2dgQhCU1t0I8RBJhbQIrmhC8+ZcXSbPieGfO+W2lVL3O4yiAI3AMToEHLkAV3IA6aAAMHsEzeAVv1pP1Yr1bH7PWJSufOQB/YH3+ADc6lGs=</latexit>

Consider a matrix A 2 Rn⇥n and let �(A) ⇢ [↵, 1].

<latexit sha1_base64="qVRFZ6W7BqO/3A4zepSylUKx7Ck="></latexit>

x

<latexit sha1_base64="Zz4/LiDb/OqddYSk7lupk6BXSM0=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1G+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOgxjQI=</latexit>
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<latexit sha1_base64="PfWUG0pqOnNnLJ5eaV4nfucUxuw=">AAACBHicbZA9TwJBEIb38Avx69SSZiOYWJE71GhjQrSxxEQ+EiBkb5mDDXt7l909DLlQ2PhXbCw0xtYfYee/cYErFJzqyfvOZGZeL+JMacf5tjIrq2vrG9nN3Nb2zu6evX9QV2EsKdRoyEPZ9IgCzgTUNNMcmpEEEngcGt7wZuo3RiAVC8W9HkfQCUhfMJ9Roo3UtfMSuMERYJAylPhhAAIXh/gKnxa7dsEpObPCy+CmUEBpVbv2V7sX0jgAoSknSrVcJ9KdhEjNKIdJrh0riAgdkj60DAoSgOoksycm+NgoPeybG/xQaDxTf08kJFBqHHimMyB6oBa9qfif14q1f9lJmIhiDYLOF/kxxzrE00Rwj0mgmo8NECqZuRXTAZGEapNbzoTgLr68DPVyyT0rnd+VC5XrNI4syqMjdIJcdIEq6BZVUQ1R9Iie0St6s56sF+vd+pi3Zqx05hD9KevzB4/8lro=</latexit>

Letting x = z2,

<latexit sha1_base64="vjremWEG88wmAlYA51og0trRiGY=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg4ngQcJuUPQiBL148BDBPCCJYXYymwyZnV1mesV1ib/ixYMiXv0Qb/6Nk8dBEwsaiqpuuru8SHANjvNtLSwuLa+sZtay6xubW9v2zm5Nh7GirEpDEaqGRzQTXLIqcBCsESlGAk+wuje4HPn1e6Y0D+UtJBFrB6Qnuc8pASN17Nw1A+CyhwsP+Bw/3pUKR7hj552iMwaeJ+6U5NEUlY791eqGNA6YBCqI1k3XiaCdEgWcCjbMtmLNIkIHpMeahkoSMN1Ox8cP8YFRutgPlSkJeKz+nkhJoHUSeKYzINDXs95I/M9rxuCftVMuoxiYpJNFfiwwhHiUBO5yxSiIxBBCFTe3YtonilAweWVNCO7sy/OkViq6x8WTm1K+fDGNI4P20D46RC46RWV0hSqoiihK0DN6RW/Wk/VivVsfk9YFazqTQ39gff4A4xmS+Q==</latexit>

|sgn(z)� r̂k(z)|

<latexit sha1_base64="NDlsm36q1ZhFfsi5B5R3P7N5QtY=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEhloEpQEYwVLIxFog+piSLHdVqrjhPZDlJJs7LwKywMIMTKH7DxNzhtBmg50pWOz7lXvvf4MaNSWda3sbS8srq2Xtoob25t7+yae/ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fij69zv3BMhacTv1DgmbogGnAYUI6Ulz4QTmDoihHLAs+rDCTyFzhCpVGTeKH9OoGdWrJo1BVwkdkEqoEDTM7+cfoSTkHCFGZKyZ1uxclMkFMWMZGUnkSRGeIQGpKcpRyGRbjq9JIPHWunDIBK6uIJT9fdEikIpx6GvO0OkhnLey8X/vF6igks3pTxOFOF49lGQMKgimMcC+1QQrNhYE4QF1btCPEQCYaXDK+sQ7PmTF0n7rGbXa+e39UrjqoijBA7BEagCG1yABrgBTdACGDyCZ/AK3own48V4Nz5mrUtGMXMA/sD4/AEk9Ji2</latexit>

=

����
z

|z| � z
pk(z2)

qk(z2)

����

<latexit sha1_base64="4R44jdahjCNNokj1ykMTbUmXOfo="></latexit>

E2k+1,2k =

����
p
x� pk(x)

qk(x)

���� /|
p
x|, x 2 [↵, 1].

<latexit sha1_base64="8cZ4WY9lHZOKTDiL/b1fS0UBbEM="></latexit>

E2k+1,2k :=

<latexit sha1_base64="HLJwBEUlZnpiDBuMAxg/Hy3phQE=">AAAB+XicbVDLSsNAFL3xWesr6tLNYCsISkmCoghCUQSXFewD2hAm02k7ZPJgZlIooX/ixoUibv0Td/6N0zYLbT1w4XDOvdx7j59wJpVlfRtLyyura+uFjeLm1vbOrrm335BxKgitk5jHouVjSTmLaF0xxWkrERSHPqdNP7ib+M0hFZLF0ZMaJdQNcT9iPUaw0pJnmuV7L3OCU/sMOcH4+qbsmSWrYk2BFomdkxLkqHnmV6cbkzSkkSIcS9m2rUS5GRaKEU7HxU4qaYJJgPu0rWmEQyrdbHr5GB1rpYt6sdAVKTRVf09kOJRyFPq6M8RqIOe9ifif105V78rNWJSkikZktqiXcqRiNIkBdZmgRPGRJpgIpm9FZIAFJkqHVdQh2PMvL5KGU7HPKxePTql6m8dRgEM4ghOw4RKq8AA1qAOBITzDK7wZmfFivBsfs9YlI585gD8wPn8AYeiRjg==</latexit>

Gives the best type (k, k) relative

<latexit sha1_base64="+pzfy7YgmjWdYyrYyPcw67czNu8=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2g0kggoTdoGgZtNAygnlAEsLs5CYZMvtg5m4gLPkCG3/FxkIRW2s7/8bJo9DogYHDOedy5x4vkkKj43xZqZXVtfWN9GZma3tnd8/eP6jpMFYcqjyUoWp4TIMUAVRRoIRGpID5noS6N7ye+vURKC3C4B7HEbR91g9ET3CGRurY+RsxAk1xANQDjXSaobnC8JQOT3JUgTS5EXTsrFN0ZqB/ibsgWbJApWN/trohj30IkEumddN1ImwnTKHgEiaZVqwhYnzI+tA0NGA+6HYyO2dC80bp0l6ozAuQztSfEwnztR77nkn6DAd62ZuK/3nNGHuX7UQEUYwQ8PmiXiwphvO7u0IBRzk2hHElzF8pHzDFOJoGM6YEd/nkv6RWKrpnxfO7UrZ8tagjTY7IMSkQl1yQMrklFVIlnDyQJ/JCXq1H69l6s97n0ZS1mDkkv2B9fAOPe5qJ</latexit>

rational approximation to
p
x on [↵, 1].

<latexit sha1_base64="eyR3gdvQzipJRU2z6lKnZwjtT/c=">AAACIHicbVDLTgIxFO3gC/GFunTTCCYuDJkhGlwS3bjERB4JTMidUqChM1PbjoFM+BQ3/oobFxqjO/0aOwMLBU/S5PSce3PvPZ7gTGnb/rIyK6tr6xvZzdzW9s7uXn7/oKHCSBJaJyEPZcsDRTkLaF0zzWlLSAq+x2nTG10nfvOBSsXC4E5PBHV9GASszwhoI3XzFZkS4BiEkOGY+ekf6xAXO+pe6ng8LWIjFNsd4GIIZ9hxiyXczRfskp0CLxNnTgpojlo3/9nphSTyaaAJB6Xaji20G4PUjHA6zXUiRQWQEQxo29AAfKrcOD1wik+M0sP9UJoXaJyqvzti8JWa+J6pNPsP1aKXiP957Uj3L92YBSLSNCCzQf2IJ+cnaeEek5RoPjEEiGRmV0yGIIFok2nOhOAsnrxMGuWSc166uC0XqlfzOLLoCB2jU+SgCqqiG1RDdUTQI3pGr+jNerJerHfrY1aaseY9h+gPrO8fAXGiJw==</latexit>

What about
p
L, where L is a di↵erential operator?

<latexit sha1_base64="I0s2z1slAfaVxQTTjJX1cX1cRRo="></latexit>



THE SPECTRAL FRACTIONAL LAPLACE OPERATOR 

Let ⌦ be a bounded, simply connected, open subset of Rd.

<latexit sha1_base64="TzHPldoTlH9JOOWRQ+lvFxL2C1U="></latexit>

For 0 < ↵  2, we define L↵ : H2
0 (⌦) ! L

2(⌦) as follows:

<latexit sha1_base64="3VrBlDSqW4z3Rmfuc/uA2/s70As="></latexit>

L↵u =
1X

j=1

�↵/2
j < ej , u > ej ,

<latexit sha1_base64="mU0uwi2gaEvYZ23fd4LJCrMpNnI="></latexit>

where �ej = �jej , and ej
��
@⌦

= 0.

<latexit sha1_base64="MoHQZCKh7jk4zFysbFOUYchAFfo="></latexit>

When ↵ 6= 2, L↵ is a nonlocal operator arising from physical problems involving
anomalous di↵usion:

<latexit sha1_base64="IZibz7ZXRvdJp6ev3rRfuaniQ10="></latexit>

“Diffusion of particles with spattering”
-C. Pozrikidis (The Fractional Laplacian)

�u = �
✓

@2

@x2
1

+ · · ·+ @2

@x2
d

◆

<latexit sha1_base64="51IswQH5B4/DdUdToSUtC1C1TMQ="></latexit>

[(Karnidakas), (Pozrikidis) (Shen and Wang)] 



THE SPECTRAL FRACTIONAL LAPLACE OPERATOR 


L↵u = f, x 2 ⌦,

<latexit sha1_base64="1k58E2kQj+Kj/+h2BDh+iZhCoio=">AAACFnicbVDLSgMxFM34rPU16tJNsAguapmRim6EohsXghXsAzql3EkzbWgmMyYZsQz9Cjf+ihsXirgVd/6N6WOhrQcCh3Pu5eYcP+ZMacf5tubmFxaXljMr2dW19Y1Ne2u7qqJEElohEY9k3QdFORO0opnmtB5LCqHPac3vXQz92j2VikXiVvdj2gyhI1jACGgjtexDLwTdJcDTq0HLAx53ASf4DAd57N0l0MYP2GMCe9ch7UC+ZeecgjMCniXuhOTQBOWW/eW1I5KEVGjCQamG68S6mYLUjHA6yHqJojGQHnRow1ABIVXNdBRrgPeN0sZBJM0TGo/U3xsphEr1Q99MDkOoaW8o/uc1Eh2cNlMm4kRTQcaHgoRjHeFhR7jNJCWa9w0BIpn5KyZdkEC0aTJrSnCnI8+S6lHBLRaOb4q50vmkjgzaRXvoALnoBJXQJSqjCiLoET2jV/RmPVkv1rv1MR6dsyY7O+gPrM8f9Oid9w==</latexit>

u(x) = 0, x 2 @⌦

<latexit sha1_base64="176TrCE7KQJ9YSvny8OwbfNeDEc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMVHQjFN24s4J9QGcod9K0Dc1kxiQjLaVf4MZfceNCEbeu3fk3po+Fth64cDjn3uTeE8ScKe0431ZqaXlldS29ntnY3NresXf3qipKJKEVEvFI1gNQlDNBK5ppTuuxpBAGnNaC3tXYrz1QqVgk7vQgpn4IHcHajIA2UtPOJfn+Eb7AzjH27hNo4T72mMBeDFIz4Ni7CWkHmnbWKTgT4EXizkgWzVBu2l9eKyJJSIUmHJRquE6s/eH4UcLpKOMlisZAetChDUMFhFT5w8k5I5wzSgu3I2lKaDxRf08MIVRqEAamMwTdVfPeWPzPayS6fe4PmYgTTQWZftROONYRHmeDW0xSovnAECCSmV0x6YIEok2CGROCO3/yIqmeFNxi4fS2mC1dzuJIowN0iPLIRWeohK5RGVUQQY/oGb2iN+vJerHerY9pa8qazeyjP7A+fwDL0Joc</latexit>

SPECTRAL FRACTIONAL POISSON EQUATION

L↵u =
1X

j=1

�↵/2
j < ej , u > ej ,

<latexit sha1_base64="mU0uwi2gaEvYZ23fd4LJCrMpNnI="></latexit>

L�1
↵ f =

1X

j=1

��↵/2
j < ej , f > ej

<latexit sha1_base64="SF0E8kaWradAv/33fVmTbINm3mk="></latexit>

!

<latexit sha1_base64="TaRIvkeClws3/Z9+NU4YF1yDkEo=">AAAB63icbVDLSgMxFL2pr1pfVZdugkVwVWZE0WXRjcsK9gHtUDJppg1NMkOSEcrQX3DjQhG3/pA7/8ZMOwttPRA4nHMvueeEieDGet43Kq2tb2xulbcrO7t7+wfVw6O2iVNNWYvGItbdkBgmuGIty61g3UQzIkPBOuHkLvc7T0wbHqtHO01YIMlI8YhTYnOpb2M8qNa8ujcHXiV+QWpQoDmofvWHMU0lU5YKYkzP9xIbZERbTgWbVfqpYQmhEzJiPUcVkcwE2fzWGT5zyhBHsXZPWTxXf29kRBozlaGblMSOzbKXi/95vdRGN0HGVZJapujioygV2CXMg+Mh14xaMXWEUM3drZiOiSbUunoqrgR/OfIqaV/U/cv61cNlrXFb1FGGEziFc/DhGhpwD01oAYUxPMMrvCGJXtA7+liMllCxcwx/gD5/ALgojgk=</latexit>

Naive method: Discretize �, represent with a matrix L. Find the
eigendecomposition of L.

<latexit sha1_base64="iJJgg+RDjK8bhXOKnAMJFFBLoS0="></latexit>

Gunnar Martinsson Ke Chen

Ex. ⌦ = [0, 1]

<latexit sha1_base64="t1TqfaFM2CwPegZEa8kHxJsrcQg=">AAACCnicbVDLSgMxFM3UV62vqks30VZwIWWmKLoRiiK4s4J9wHQomfS2Dc1khiQjlqFrN/6KGxeKuPUL3Pk3ZtoutHogcDjnHm7u8SPOlLbtLyszN7+wuJRdzq2srq1v5De36iqMJYUaDXkomz5RwJmAmmaaQzOSQAKfQ8MfXKR+4w6kYqG41cMIvID0BOsySrSR2vndViw6INN4cnlfwsXWdQA9gs+wax9ixyuO2vmCXbLHwH+JMyUFNEW1nf9sdUIaByA05UQp17Ej7SVEakY5jHKtWEFE6ID0wDVUkACUl4xPGeF9o3RwN5TmCY3H6s9EQgKlhoFvJgOi+2rWS8X/PDfW3VMvYSKKNQg6WdSNOdYhTnvBHSaBaj40hFDJzF8x7RNJqDbt5UwJzuzJf0m9XHKOSsc35ULlfFpHFu2gPXSAHHSCKugKVVENUfSAntALerUerWfrzXqfjGasaWYb/YL18Q0SrpiP</latexit>

ek(x) =
p
2 sin(k⇡x)

<latexit sha1_base64="uGiN7PQQA2yA5x1RTNkTbAiqmlA=">AAACCnicbZC7TsMwFIYdrqXcAowshhapXaqkAsGCVMHCWCR6kZooclynteo4wXZQq6gzC6/CwgBCrDwBG2+D22aAll+y9Ok/5+j4/H7MqFSW9W0sLa+srq3nNvKbW9s7u+beflNGicCkgSMWibaPJGGUk4aiipF2LAgKfUZa/uB6Um89ECFpxO/UKCZuiHqcBhQjpS3PPCoSb1AaluEldOS9UGl1rIHy0gA6MYXDctEzC1bFmgougp1BAWSqe+aX041wEhKuMENSdmwrVm6KhKKYkXHeSSSJER6gHulo5Cgk0k2np4zhiXa6MIiEflzBqft7IkWhlKPQ150hUn05X5uY/9U6iQou3JTyOFGE49miIGFQRXCSC+xSQbBiIw0IC6r/CnEfCYSVTi+vQ7DnT16EZrVin1bObquF2lUWRw4cgmNQAjY4BzVwA+qgATB4BM/gFbwZT8aL8W58zFqXjGzmAPyR8fkD2cCYdw==</latexit>

�k = (⇡k)2

<latexit sha1_base64="G1RAbIsAnAmUSoPKF4Nc6xP+DlA=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAr1E1JiqIboejGZQX7gCaGyWTSDplMwsxEKKEbf8WNC0Xc+hnu/BunbRbaemDgcM653LnHTxmVyrK+jaXlldW19dJGeXNre2fX3NvvyCQTmLRxwhLR85EkjHLSVlQx0ksFQbHPSNePbiZ+95EISRN+r0YpcWM04DSkGCkteeZh1WE6HSAvglew5qQURqcPjapnVqy6NQVcJHZBKqBAyzO/nCDBWUy4wgxJ2betVLk5EopiRsZlJ5MkRThCA9LXlKOYSDefHjCGJ1oJYJgI/biCU/X3RI5iKUexr5MxUkM5703E/7x+psJLN6c8zRTheLYozBhUCZy0AQMqCFZspAnCguq/QjxEAmGlOyvrEuz5kxdJp1G3z+rnd41K87qoowSOwDGoARtcgCa4BS3QBhiMwTN4BW/Gk/FivBsfs+iSUcwcgD8wPn8Aqk+UhA==</latexit>

< 1, ek >= 2
p
2

⇡k

<latexit sha1_base64="1sYdAzZyzHPC0ZknTMX4x8HxqBY=">AAACDnicbVC7SgNBFJ31GeMramkzmAQsJOwGRQuVoI1lBPOA7BJmJ7PJsLMPZ+4KYdkvsPFXbCwUsbW282+cPApNPHDhcM693HuPGwuuwDS/jYXFpeWV1dxafn1jc2u7sLPbVFEiKWvQSESy7RLFBA9ZAzgI1o4lI4ErWMv1r0d+64FJxaPwDoYxcwLSD7nHKQEtdQvl0rl1hFnXv8QX2AZPEppWbXUvIa1mWWrHHPtZqVsomhVzDDxPrCkpoinq3cKX3YtoErAQqCBKdSwzBiclEjgVLMvbiWIxoT7ps46mIQmYctLxOxkua6WHvUjqCgGP1d8TKQmUGgau7gwIDNSsNxL/8zoJeGdOysM4ARbSySIvERgiPMoG97hkFMRQE0Il17diOiA6EtAJ5nUI1uzL86RZrVjHlZPbarF2NY0jh/bRATpEFjpFNXSD6qiBKHpEz+gVvRlPxovxbnxMWheM6cwe+gPj8wevuZqs</latexit>

For ↵ = 1, k ⇠ (4/✏)2 to achieve error tolerance ✏.

<latexit sha1_base64="uqK3vKZWvVvm3w27kgjp1rjKzLw="></latexit>

[(Karnidakas), (Pozrikidis) (Shen and Wang)] 



L↵u = f, x 2 ⌦,

<latexit sha1_base64="1k58E2kQj+Kj/+h2BDh+iZhCoio=">AAACFnicbVDLSgMxFM34rPU16tJNsAguapmRim6EohsXghXsAzql3EkzbWgmMyYZsQz9Cjf+ihsXirgVd/6N6WOhrQcCh3Pu5eYcP+ZMacf5tubmFxaXljMr2dW19Y1Ne2u7qqJEElohEY9k3QdFORO0opnmtB5LCqHPac3vXQz92j2VikXiVvdj2gyhI1jACGgjtexDLwTdJcDTq0HLAx53ASf4DAd57N0l0MYP2GMCe9ch7UC+ZeecgjMCniXuhOTQBOWW/eW1I5KEVGjCQamG68S6mYLUjHA6yHqJojGQHnRow1ABIVXNdBRrgPeN0sZBJM0TGo/U3xsphEr1Q99MDkOoaW8o/uc1Eh2cNlMm4kRTQcaHgoRjHeFhR7jNJCWa9w0BIpn5KyZdkEC0aTJrSnCnI8+S6lHBLRaOb4q50vmkjgzaRXvoALnoBJXQJSqjCiLoET2jV/RmPVkv1rv1MR6dsyY7O+gPrM8f9Oid9w==</latexit>

u(x) = 0, x 2 @⌦

<latexit sha1_base64="176TrCE7KQJ9YSvny8OwbfNeDEc=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMVHQjFN24s4J9QGcod9K0Dc1kxiQjLaVf4MZfceNCEbeu3fk3po+Fth64cDjn3uTeE8ScKe0431ZqaXlldS29ntnY3NresXf3qipKJKEVEvFI1gNQlDNBK5ppTuuxpBAGnNaC3tXYrz1QqVgk7vQgpn4IHcHajIA2UtPOJfn+Eb7AzjH27hNo4T72mMBeDFIz4Ni7CWkHmnbWKTgT4EXizkgWzVBu2l9eKyJJSIUmHJRquE6s/eH4UcLpKOMlisZAetChDUMFhFT5w8k5I5wzSgu3I2lKaDxRf08MIVRqEAamMwTdVfPeWPzPayS6fe4PmYgTTQWZftROONYRHmeDW0xSovnAECCSmV0x6YIEok2CGROCO3/yIqmeFNxi4fS2mC1dzuJIowN0iPLIRWeohK5RGVUQQY/oGb2iN+vJerHerY9pa8qazeyjP7A+fwDL0Joc</latexit>

SPECTRAL FRACTIONAL POISSON EQUATION
RATIONAL FUNCTIONS AND FAST DIRECT SOLVERS TO THE RESCUE

=
Pk

j=1 �`(�� p`I)�1f .

<latexit sha1_base64="oFnNfJnuHq7muxl/u6z9AYN7ppk="></latexit>

Now L�1
↵ f ⇡ rk(�)f

<latexit sha1_base64="ScS+fNf5pOVljS1ZMPRuNb77qNw="></latexit>

Let rk(x) =
Pk

`=1
�`

x�p`
,

<latexit sha1_base64="qLn+YzDXVtB4nguTRKyGb3fHrXw="></latexit>

rk(x) ⇡ x�↵/2 for x 2 [1,1).

<latexit sha1_base64="AOle4JCipoFahJ5Udcw99t/z17A="></latexit>

Gunnar Martinsson Ke Chen

For each `, solve

<latexit sha1_base64="Kn6QL2l7nDWMtXWFD99Tvq2a1G4="></latexit>

u`(x) = 0, x 2 @⌦.

<latexit sha1_base64="jhMCJTPI0eIxZab0F6VjiIu4Qms=">AAACFHicbVDLSgNBEJz1bXxFPXoZDEJECbui6EUQvXgzgnlAdgm9k04yODu7zsyKYfEjvPgrXjwo4tWDN//GyeOg0YKGoqp7prvCRHBtXPfLmZicmp6ZnZvPLSwuLa/kV9eqOk4VwwqLRazqIWgUXGLFcCOwniiEKBRYC6/P+n7tFpXmsbwyvQSDCDqStzkDY6Vmfidt+ihE8W6bHlN3l/o3KbToHfW5pH4CynAQ1L+IsAOlZr7gltwB6F/ijUiBjFBu5j/9VszSCKVhArRueG5igqz/KhN4n/NTjQmwa+hgw1IJEeogGxx1T7es0qLtWNmShg7UnxMZRFr3otB2RmC6etzri/95jdS0j4KMyyQ1KNnwo3YqqIlpPyHa4gqZET1LgClud6WsCwqYsTnmbAje+Ml/SXWv5O2XDi73CyenozjmyAbZJEXikUNyQs5JmVQIIw/kibyQV+fReXbenPdh64Qzmlknv+B8fANIcZx+</latexit>

u ⇡
kX

`=1

u`.

<latexit sha1_base64="7aBAEmaTtryZ/4uTj4ZFmBoZGxo=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgKiSi6EYounFZwT6giWEynbRDJw/mIZaQL3Djr7hxoYhb1+78GydtFtp64MKZc+5l7j1ByqiQtv1tVJaWV1bXquu1jc2t7R1zd68jEsUxaeOEJbwXIEEYjUlbUslIL+UERQEj3WB8Vfjde8IFTeJbOUmJF6FhTEOKkdSSbzYUdFGa8uQBQleoyM9cwhi8cPK7bJxD5RdPyzfrtmVPAReJU5I6KNHyzS93kGAVkVhihoToO3YqvQxxSTEjec1VgqQIj9GQ9DWNUUSEl03PyWFDKwMYJlxXLOFU/T2RoUiISRTozgjJkZj3CvE/r69keO5lNE6VJDGefRQqBmUCi2zggHKCJZtogjCneleIR4gjLHWCNR2CM3/yIukcW86JdXpzUm9elnFUwQE4BEfAAWegCa5BC7QBBo/gGbyCN+PJeDHejY9Za8UoZ/bBHxifPz3Zm5s=</latexit>

Then

<latexit sha1_base64="YvdnmPqa/IiMH/8cd8ceUMiYuaU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48VmrbQhrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkfu63n1BpHsummSYYRHQk+ZAzaqzkN8coSb9ccavuAmSdeDmpQI5Gv/zVG8QsjVAaJqjWXc9NTJBRZTgTOCv1Uo0JZRM6wq6lkkaog2xx7IxcWGVAhrGyJQ1ZqL8nMhppPY1C2xlRM9ar3lz8z+umZngbZFwmqUHJlouGqSAmJvPPyYArZEZMLaFMcXsrYWOqKDM2n5INwVt9eZ20alXvqnr9WKvU7/I4inAG53AJHtxAHR6gAT4w4PAMr/DmSOfFeXc+lq0FJ585hT9wPn8AVxaOYQ==</latexit>

�u` � p`u` = �`f, x 2 ⌦

<latexit sha1_base64="DSCW4rLUGoszbclQUETUYUAFCsY=">AAACKnicbVDLSgMxFM34tr6qLt0Ei+BCy4wouhF8LdxZwarQKeVOeqcGk8yYZMRS+j1u/BU3XSjFrR9i2s7C14HAuefcy809USq4sb7f98bGJyanpmdmC3PzC4tLxeWVa5NkmmGVJSLRtxEYFFxh1XIr8DbVCDISeBPdnw78m0fUhifqyrZTrEtoKR5zBtZJjeJxeIbCAs0aIQpBt2k6Inl9SMMWSAmjKt6i4UMGTfpEQ65oeCGxBY1iyS/7Q9C/JMhJieSoNIq9sJmwTKKyTIAxtcBPbb0D2nImsFsIM4MpsHtoYc1RBRJNvTM8tUs3nNKkcaLdU5YO1e8THZDGtGXkOiXYO/PbG4j/ebXMxgf1DldpZlGx0aI4E9QmdJAbbXKNzIq2I8A0d3+l7A40MOvSLbgQgt8n/yXXO+Vgt7x3uVs6OsnjmCFrZJ1skoDskyNyTiqkShh5Jq/kjbx7L17P63sfo9YxL59ZJT/gfX4BZ++lbw==</latexit>

[(Bonito & Pasciak, 2015), (Aceto & Novati, 2017), (Martinsson, 2019) (Fortunato, Hale & Townsend, 2020) ] 

�1/2 = 1, via UltraSEM

<latexit sha1_base64="uB63+zfo/aSFnrMnNc5eoSxvjIQ=">AAACCnicbVDJSgNBEO1xjXGLevTSmggeJM4ERS9CcAEvQkRjAkkMNZ0ebdKz0F0TCEPOXvwVLx4U8eoXePNv7CwHNT4oeLxXRVU9N5JCo21/WROTU9Mzs6m59PzC4tJyZmX1RoexYrzMQhmqqguaSxHwMgqUvBopDr4recVtn/T9SocrLcLgGrsRb/hwFwhPMEAjNTMbNFc/5RLhNnF2Cz16RJ3cDu0IoGWJCq7OLpqZrJ23B6DjxBmRLBmh1Mx81lshi30eIJOgdc2xI2wkoFAwyXvpeqx5BKwNd7xmaAA+141k8EqPbhmlRb1QmQqQDtSfEwn4Wnd913T6gPf6r9cX//NqMXqHjUQEUYw8YMNFXiwphrSfC20JxRnKriHAlDC3UnYPChia9NImBOfvy+PkppB39vL7l4Vs8XgUR4qsk02yTRxyQIrknJRImTDyQJ7IC3m1Hq1n6816H7ZOWKOZNfIL1sc32cSX2A==</latexit>



CONSTRUCTING RATIONAL FUNCTIONS
r̃k(y) ⇡ y↵/2, y 2 [0, 1].

<latexit sha1_base64="BE5/GP3tZzHVb0aZfh3XGJRbF54="></latexit>

Let rk(x) = r̃k(1/y).

<latexit sha1_base64="V5Y7qDwk29xOjkiKqE85pWc7NTQ=">AAACCXicbVC7SkNBEN0bXzG+opY2i4mQNPHeoGgjBG0sLCKYByQh7N1MkiV7H+zOFcMlrY2/YmOhiK1/YOffuHkUmnhg4HDODDNz3FAKjbb9bSWWlldW15LrqY3Nre2d9O5eVQeR4lDhgQxU3WUapPChggIl1EMFzHMl1NzB1div3YPSIvDvcBhCy2M9X3QFZ2ikdpreANKsag9yD3l6QZsoZAdiNTKCczzMZwvtdMYu2BPQReLMSIbMUG6nv5qdgEce+Mgl07rh2CG2YqZQcAmjVDPSEDI+YD1oGOozD3QrnnwyokdG6dBuoEz5SCfq74mYeVoPPdd0egz7et4bi/95jQi7561Y+GGE4PPpom4kKQZ0HAvtCAUc5dAQxpUwt1LeZ4pxNOGlTAjO/MuLpFosOCeF09tipnQ5iyNJDsghyRGHnJESuSZlUiGcPJJn8krerCfrxXq3PqatCWs2s0/+wPr8AfzQl/o=</latexit>

Transform to a finite interval:

<latexit sha1_base64="zAwy8Qu5E4gCrGtmvtACU8nT66U=">AAACFHicbVBNS8NAFNz4WetX1KOXxSIIQklEUTwVvXis0NpCG8rL9kUXN5uwuymU0B/hxb/ixYMiXj1489+4qT1o68DCMPMe+2bCVHBtPO/LmZtfWFxaLq2UV9fWNzbdre0bnWSKYZMlIlHtEDQKLrFpuBHYThVCHApshfeXhd8aoNI8kQ0zTDGI4VbyiDMwVuq5h91M9lEV63lDgdRRomJqEgo04pIbpFwaVAMQ56OeW/Gq3hh0lvgTUiET1HvuZ7efsCxGaZgArTu+l5ogB2U4EzgqdzONKbB7uMWOpRJi1EE+DjWi+1bpU3uOfdLQsfp7I4dY62Ec2skYzJ2e9grxP6+TmegsyLlMM4OS/XwUZaIIXTRE+1whM2JoCTDF7a2U3YECZnvQZVuCPx15ltwcVf3j6sn1UaV2MamjRHbJHjkgPjklNXJF6qRJGHkgT+SFvDqPzrPz5rz/jM45k50d8gfOxzd/F58X</latexit>

H. Stahl: For ↵ = 2/n, n 2 Z+
,

<latexit sha1_base64="YN5WdlXzclGJFi9P3ejEr8kJB6k="></latexit>

e�c1(n)
p
k  max

x2[0,1]
|rk(x)� x↵/2|  e�c2(n)

p
k

<latexit sha1_base64="BNn1EQj7SnAok8zHM4CwgZ2IG44="></latexit>

How to build such a rational function?
• sampling methods/least-squares fitting:

<latexit sha1_base64="gxEpy3fKw7Rlgh65GCsGMMYvp6w="></latexit>

Error blows up in locations o↵ sampling grid as x ! 0.

<latexit sha1_base64="0Hvv96w2KSVHPN1XMuXfCFPYpBU="></latexit>

• Analytical construction (e.g., contour integration) on interval [m, 1], where
m is small and rk “behaves well” on [0,m].

<latexit sha1_base64="IpEP9enna8+KW//Ykv1obTdYqTA="></latexit>



RATIONALS VIA CONTOUR INTEGRATION
f(x) =

x

2⇡i

Z

�
z�1f(z)(z � x)�1dz,

<latexit sha1_base64="GeeOQyUAJFQ8sDhduze6lHK9egk="></latexit>

x 2 [m, 1].

<latexit sha1_base64="+1JKr22lw09mnS5cPWwGowDme0E=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8yLIrET0GvXiMYB6wWcPsZDYZMjO7zMyqYcl/ePGgiFf/xZt/4+Rx0MSChqKqm+6uKOVMG8/7dpaWV1bX1gsbxc2t7Z3d0t5+QyeZIrROEp6oVoQ15UzSumGG01aqKBYRp81ocD32mw9UaZbIOzNMaShwT7KYEWysdP+E2kyiQJwiP3RRp1T2XG8CtEj8GSnDDLVO6avdTUgmqDSEY60D30tNmGNlGOF0VGxnmqaYDHCPBpZKLKgO88nVI3RslS6KE2VLGjRRf0/kWGg9FJHtFNj09bw3Fv/zgszEl2HOZJoZKsl0UZxxZBI0jgB1maLE8KElmChmb0WkjxUmxgZVtCH48y8vksaZ61fc89tKuXo1i6MAh3AEJ+DDBVThBmpQBwIKnuEV3pxH58V5dz6mrUvObOYA/sD5/AEH65Dp</latexit>

RESOLVENT METHODS
Apply a quadrature rule consisting of k weight-node pairs, {(wj , zj)}kj=1:

<latexit sha1_base64="oLd1chFJmpeIotNntrZY+Ac82y4="></latexit>

⇡ x

2⇡i

kX

j=1

��j
x� pj

,

<latexit sha1_base64="FP8/AInlRkUjt5RnmbV/5yHCFW0="></latexit>

where, �j = wjz
�1
j f(zj)dzj .

<latexit sha1_base64="pJ0+vtBqjqJoAxsEgZ7Uopbmen0="></latexit>

f(x)

<latexit sha1_base64="W7v81WIMIV3u4qtO7X4q6tOO6Gk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh59drlfb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHbveN2Q==</latexit>

Choose the contour and quadrature points cleverly via conformal mapping.

<latexit sha1_base64="vhIk8Og4gR7yNXDdIlu4CHD11DM="></latexit>

[(Hale, Higham & Trefethen, 2007)] 



THE SQUARE ROOT CASE

[(Gawlik and Nakatsukasa, 2019)] 

For ��1/2f , we can construct rk via the solution via Zolotarev’s 4th problem.

<latexit sha1_base64="DOctxkQVPk8HOu/JFlM4S/PU2n0="></latexit>

For fixed k, we optimize the choice of m:

<latexit sha1_base64="kh/R2anPBjjCzqOded/XMaeT/hY="></latexit>

Approximants converge to
p
x like e�c

p
k.

<latexit sha1_base64="uvtSyJ6BsLeyMB4ZcQUgU2DCcfc=">AAACI3icbVDLSgMxFM34tr6qLt0EW8GNZaYoiisfG5cVbBXaWjLpbQ3NJGNyRyzD/Isbf8WNC0XcuPBfTB8LXwcCh3PO5eaeMJbCou9/eBOTU9Mzs3PzuYXFpeWV/OpazerEcKhyLbW5CpkFKRRUUaCEq9gAi0IJl2HvdOBf3oGxQqsL7MfQjFhXiY7gDJ3Uyh8ex7HR9yJiCi3lWrlwFyhqWmzYW4PpfVakUvSAFuE63eEjsZdlxVIrX/BL/hD0LwnGpEDGqLTyb4225kkECrlk1tYDP8ZmygwKLiHLNRILMeM91oW6o4pFYJvp8MaMbjmlTTvauKeQDtXvEymLrO1HoUtGDG/sb28g/ufVE+wcNFOh4gRB8dGiTiIHFQwKo21hgKPsO8K4Ee6vlN8wwzi6WnOuhOD3yX9JrVwKdkt75+XC0cm4jjmyQTbJNgnIPjkiZ6RCqoSTB/JEXsir9+g9e2/e+yg64Y1n1skPeJ9fSOmkpA==</latexit>

Each rk is bounded and small on [0,m].

<latexit sha1_base64="jX46lPvc6h9WDtIYSI4HpOwZHNQ=">AAACFnicbVDLSgNBEJyN7/iKevTSmAgeNOyKokdRBI8KJhHiEnpnJ2bIPJaZWSEEv8KLv+LFgyJexZt/4yTmoMaChqKqm+6uJBPcujD8DAoTk1PTM7NzxfmFxaXl0spq3ercUFajWmhzlaBlgitWc9wJdpUZhjIRrJF0TwZ+45YZy7W6dL2MxRJvFG9zis5LrdLOKdIOVEyrWwFuIdG5SlkKqFKwEoUAraDSDLdBxpUqtErlsBoOAeMkGpEyGeG8Vfq4TjXNJVOOCrS2GYWZi/toHKeC3RWvc8sypF28YU1PFUpm4/7wrTvY9EoKbW18KQdD9edEH6W1PZn4TomuY/96A/E/r5m79mHc5yrLHVP0e1E7F+A0DDKClBtGneh5gtRwfyvQDhqkzidZ9CFEf18eJ/XdarRX3b/YLR8dj+KYJetkg2yRiByQI3JGzkmNUHJPHskzeQkegqfgNXj7bi0Eo5k18gvB+xdz8Jxl</latexit>

r̃3(x)� x1/2

<latexit sha1_base64="6zL2Jn0pl2BTzF0NjPILaag4kEA=">AAACA3icbVDLSsNAFJ3UV62vqDvdDLZCXViTquiy6MZlBfuANobJZNIOnTyYmUhLCLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe+9xIkaFNIxvLbewuLS8kl8trK1vbG7p2ztNEcYckwYOWcjbDhKE0YA0JJWMtCNOkO8w0nIG12O/9UC4oGFwJ0cRsXzUC6hHMZJKsvW9UldS5pKEp/ZpeXgEj+HwPjFPqmnJ1otGxZgAzhMzI0WQoW7rX103xLFPAokZEqJjGpG0EsQlxYykhW4sSITwAPVIR9EA+URYyeSHFB4qxYVeyFUFEk7U3xMJ8oUY+Y7q9JHsi1lvLP7ndWLpXVoJDaJYkgBPF3kxgzKE40CgSznBko0UQZhTdSvEfcQRliq2ggrBnH15njSrFfOscn5bLdausjjyYB8cgDIwwQWogRtQBw2AwSN4Bq/gTXvSXrR37WPamtOymV3wB9rnD0WPlf0=</latexit>

Unbalanced

<latexit sha1_base64="Oem3+hKgZzU/eSjC35/7sqvdHec=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSRF0WPRi8cKpi22oUw2k3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekHKmtON8W6W19Y3NrfJ2ZWd3b/+genjUVkkmKXo04YnsBqCQM4GeZppjN5UIccCxE4xvZ37nCaViiXjQkxT9GIaCRYyCNtKjJwLgICiGg2rNqTtz2KvELUiNFGgNql/9MKFZjEJTDkr1XCfVfg5SM8pxWulnClOgYxhiz1ABMSo/n188tc+MEtpRIk0Jbc/V3xM5xEpN4sB0xqBHatmbif95vUxH137ORJppFHSxKMq4rRN79r4dMolU84khQCUzt9p0BBKoNiFVTAju8surpN2ouxf1y/tGrXlTxFEmJ+SUnBOXXJEmuSMt4hFKBHkmr+TNUtaL9W59LFpLVjFzTP7A+vwBg7CQ0Q==</latexit>

Balanced

<latexit sha1_base64="nKc3MVi17f3+MFXY0nU5VVoARJU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklR9FjqxWMF+wFtKJPNpl262cTdjVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTlDVpIhLVCVAzwSVrGm4E66SKYRwI1g5GtzO//cSU5ol8MOOU+TEOJI84RWOlTh0FSsrCfqnsVtw5yCrxclKGHI1+6asXJjSLmTRUoNZdz02NP0FlOBVsWuxlmqVIRzhgXUslxkz7k/m9U3JulZBEibIlDZmrvycmGGs9jgPbGaMZ6mVvJv7ndTMT3fgTLtPMMEkXi6JMEJOQ2fMk5IpRI8aWIFXc3kroEBVSYyMq2hC85ZdXSata8S4rV/fVcq2ex1GAUziDC/DgGmpwBw1oAgUBz/AKb86j8+K8Ox+L1jUnnzmBP3A+fwDaU4/a</latexit>



EXTENSIONS VIA SPECIALIZED CONTOUR INTEGRALS

[(Hale, Higham & Trefethen, 2007)] 

f(x) =
x

2⇡i

Z

�
z�1f(z)(z � x)�1dz,

<latexit sha1_base64="GeeOQyUAJFQ8sDhduze6lHK9egk="></latexit>

x 2 [m, 1].

<latexit sha1_base64="+1JKr22lw09mnS5cPWwGowDme0E=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8yLIrET0GvXiMYB6wWcPsZDYZMjO7zMyqYcl/ePGgiFf/xZt/4+Rx0MSChqKqm+6uKOVMG8/7dpaWV1bX1gsbxc2t7Z3d0t5+QyeZIrROEp6oVoQ15UzSumGG01aqKBYRp81ocD32mw9UaZbIOzNMaShwT7KYEWysdP+E2kyiQJwiP3RRp1T2XG8CtEj8GSnDDLVO6avdTUgmqDSEY60D30tNmGNlGOF0VGxnmqaYDHCPBpZKLKgO88nVI3RslS6KE2VLGjRRf0/kWGg9FJHtFNj09bw3Fv/zgszEl2HOZJoZKsl0UZxxZBI0jgB1maLE8KElmChmb0WkjxUmxgZVtCH48y8vksaZ61fc89tKuXo1i6MAh3AEJ+DDBVThBmpQBwIKnuEV3pxH58V5dz6mrUvObOYA/sD5/AEH65Dp</latexit>

Let v2 = z:

<latexit sha1_base64="PhIgMXwHl1PVvoOYsmuwvNFz4bE=">AAAB9XicbVBNS8NAEN34WetX1aOXxVbwVJKiKIJQ9OLBQwX7AW1aNttNu3SzCbuTSg39H148KOLV/+LNf+O2zUFbHww83pthZp4XCa7Btr+tpeWV1bX1zEZ2c2t7Zze3t1/TYawoq9JQhKrhEc0El6wKHARrRIqRwBOs7g1uJn59yJTmoXyAUcTcgPQk9zklYKT2HQNcGLZL+Ao/FS47ubxdtKfAi8RJSR6lqHRyX61uSOOASaCCaN107AjchCjgVLBxthVrFhE6ID3WNFSSgGk3mV49xsdG6WI/VKYk4Kn6eyIhgdajwDOdAYG+nvcm4n9eMwb/wk24jGJgks4W+bHAEOJJBLjLFaMgRoYQqri5FdM+UYSCCSprQnDmX14ktVLROS2e3Zfy5es0jgw6REfoBDnoHJXRLaqgKqJIoWf0it6sR+vFerc+Zq1LVjpzgP7A+vwB4oyQ0A==</latexit>

f(x) =
x

⇡i

Z

�v

(v2 � x)�1dv

<latexit sha1_base64="TnTIv0EEqy6uBT3mVzZGwHhS8B4="></latexit>

[
p
m, 1]

<latexit sha1_base64="et9MqPQHvnsVnLsRjBz7hOlu/Jg=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4kLIrFT0WvXisYD9gu5Rsmm1Dk+w2yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmhQln2rjut7O2vrG5tV3YKe7u7R8clo6OmzpOFaENEvNYtUOsKWeSNgwznLYTRbEIOW2Fw/uZ3xpTpVksn8wkoYHAfckiRrCxUuB39EiZTEwvkRd0S2W34s6BVomXkzLkqHdLX51eTFJBpSEca+17bmKCDCvDCKfTYifVNMFkiPvUt1RiQXWQzY+eonOr9FAUK1vSoLn6eyLDQuuJCG2nwGagl72Z+J/npya6DTImk9RQSRaLopQjE6NZAqjHFCWGTyzBRDF7KyIDrDAxNqeiDcFbfnmVNK8qXrVy/Vgt1+7yOApwCmdwAR7cQA0eoA4NIDCCZ3iFN2fsvDjvzseidc3JZ07gD5zPH0EDkcQ=</latexit>

[�1,�
p
m]

<latexit sha1_base64="J1OCeXhwRWJOwFEuGxCwsZGiyYk=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBgy2JVPRY9OKxgv2ANJTNdtMu3U3i7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlLOINjXTnHYSSbEIOG0Ho5up336kUrE4utfjhPoCDyIWMoK1kXp2yau4Z6jSVQ9SZ2Li9+yyU3VmQMvEzUkZcjR69le3H5NU0EgTjpXyXCfRfoalZoTTSbGbKppgMsID6hkaYUGVn80On6ATo/RRGEtTkUYz9fdEhoVSYxGYToH1UC16U/E/z0t1eOVnLEpSTSMyXxSmHOkYTVNAfSYp0XxsCCaSmVsRGWKJiTZZFU0I7uLLy6R1XnVr1Yu7Wrl+ncdRgCM4hlNw4RLqcAsNaAKBFJ7hFd6sJ+vFerc+5q0rVj5zCH9gff4AiZeSYw==</latexit>

v = m1/2sn(t|q), q = m1/2.

<latexit sha1_base64="QvPABsqtpMW9hQWfpGiR9/ivZiU=">AAACGnicbVDLSgMxFM34rPU16tLNxSIoSJ2Rim6EohuXCvYB7VgyaarBJDNNMoUy9jvc+CtuXCjiTtz4N6Z1wEc9EDiccy4394QxZ9p43oczMTk1PTObm8vPLywuLbsrq1UdJYrQCol4pOoh1pQzSSuGGU7rsaJYhJzWwpuToV/rUaVZJC9MP6aBwFeSdRjBxkot1+/BEYjL1N/dG0DaVAK0HMCWgVvobu9As5vgNnS/M0VouQWv6I0A48TPSAFlOGu5b812RBJBpSEca93wvdgEKVaGEU4H+WaiaYzJDb6iDUslFlQH6ei0AWxapQ2dSNknDYzUnxMpFlr3RWiTAptr/dcbiv95jcR0DoOUyTgxVJKvRZ2Eg4lg2BO0maLE8L4lmChm/wrkGitMjG0zb0vw/548Tqp7Rb9U3D8vFcrHWR05tI420Bby0QEqo1N0hiqIoDv0gJ7Qs3PvPDovzutXdMLJZtbQLzjvn1PLnU8=</latexit>

Map conformally to a rectangle R:

<latexit sha1_base64="Ix+utLaN91FekWaNV5+HaFP2Z8k=">AAACDHicbVDLSgMxFM3UV62vqks3wVZwVWaKorgqunEjVLEPaIdyJ5NpQzOZIckIpfQD3Pgrblwo4tYPcOffmGlnoa0HAodz7iX3HC/mTGnb/rZyS8srq2v59cLG5tb2TnF3r6miRBLaIBGPZNsDRTkTtKGZ5rQdSwqhx2nLG16lfuuBSsUica9HMXVD6AsWMALaSL1i6QZiTCIRRDIEzkdYRxiwpESD6HOKy3flCzNlV+wp8CJxMlJCGeq94lfXj0gSUqEJB6U6jh1rdwxSM8LppNBNFI2BDKFPO4YKCKlyx9MwE3xkFB+be8wTGk/V3xtjCJUahZ6ZDEEP1LyXiv95nUQH5+6YiTjRVJDZR0HC08RpM9hnaWxTgc+ASGZuxWQAEog2/RVMCc585EXSrFack8rpbbVUu8zqyKMDdIiOkYPOUA1dozpqIIIe0TN6RW/Wk/VivVsfs9Gcle3soz+wPn8A7c2aQA==</latexit>

Apply trapezoidal quadrature rule.

<latexit sha1_base64="odQt7n0X7U9cl58bMLvVKeMO5RY=">AAACDHicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bj14jGCiUISQu9sRwdnd8eZHiGGfIAXf8WLB0W8+gHe/BsnMQdfBQNFVTU9XbFW0lIYfgQTk1PTM7OFueL8wuLScmlltWFzZwTWRa5ycx6DRSUzrJMkhefaIKSxwrP46mjon92gsTLPTqmnsZ3CRSa7UgB5qVMqH2itepwMaLzNZQKKXztIDJAzyI1TWOE+FVbCEfhfEo1JmY1R65TeW0kuXIoZCQXWNqNQU7sPhqRQOCi2nEUN4gousOlpBinadn90zIBveiXh3dz4lxEfqd8n+pBa20tjn0yBLu1vbyj+5zUddffbfZlpR5iJr0VdpzjlfNgMT6RBQb6MRIIw0v+Vi0swIMj3V/QlRL9P/ksa25Vop7J7sl2uHo7rKLB1tsG2WMT2WJUdsxqrM8Hu2AN7Ys/BffAYvASvX9GJYDyzxn4gePsEo9ybWA==</latexit>

Let f(x) = x1/2.

<latexit sha1_base64="jo4TFWg8ECOLtUvVVgZqpm0cz4A=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AixEvcDYpehKAXDx4imAcka5idzCZDZh/M9ErCEvBXvHhQxKvf4c2/cZLsQaMFDUVVN91dbiS4Asv6MjILi0vLK9nV3Nr6xuaWub1TV2EsKavRUISy6RLFBA9YDTgI1owkI74rWMMdXE38xgOTiofBHYwi5vikF3CPUwJa6ph7NwxwwSsOj/AFHt4n9nF5XCh1zLxVsqbAf4mdkjxKUe2Yn+1uSGOfBUAFUaplWxE4CZHAqWDjXDtWLCJ0QHqspWlAfKacZHr+GB9qpYu9UOoKAE/VnxMJ8ZUa+a7u9An01bw3Ef/zWjF4507CgygGFtDZIi8WGEI8yQJ3u WQUxEgTQiXXt2LaJ5JQ0InldAj2/Mt/Sb1csk9Kp7flfOUyjSOL9tEBKiIbnaEKukZVVEMUJegJvaBX49F4Nt6M91lrxkhndtEvGB/fi/yTSg==</latexit>

The resulting rational approximation is the best relative approximation to
p
x

on [m, 1]!

<latexit sha1_base64="txqXTagotfxZ7Wi8B4ySc739s0U="></latexit>

A blueprint for approximations to x1/n on [0, 1].

<latexit sha1_base64="tzxTQL0ALWo99mQ5X0I+v23Z8cg="></latexit>

N. HIgham N. Trefethen N. Hale



EXTENSIONS VIA SPECIALIZED CONTOUR INTEGRALS

[(Hale, Higham & Trefethen, 2007) ] 

f(x) =
x

2⇡i

Z

�
z�1f(z)(z � x)�1dz,

<latexit sha1_base64="GeeOQyUAJFQ8sDhduze6lHK9egk="></latexit>

x 2 [m, 1].

<latexit sha1_base64="+1JKr22lw09mnS5cPWwGowDme0E=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8yLIrET0GvXiMYB6wWcPsZDYZMjO7zMyqYcl/ePGgiFf/xZt/4+Rx0MSChqKqm+6uKOVMG8/7dpaWV1bX1gsbxc2t7Z3d0t5+QyeZIrROEp6oVoQ15UzSumGG01aqKBYRp81ocD32mw9UaZbIOzNMaShwT7KYEWysdP+E2kyiQJwiP3RRp1T2XG8CtEj8GSnDDLVO6avdTUgmqDSEY60D30tNmGNlGOF0VGxnmqaYDHCPBpZKLKgO88nVI3RslS6KE2VLGjRRf0/kWGg9FJHtFNj09bw3Fv/zgszEl2HOZJoZKsl0UZxxZBI0jgB1maLE8KElmChmb0WkjxUmxgZVtCH48y8vksaZ61fc89tKuXo1i6MAh3AEJ+DDBVThBmpQBwIKnuEV3pxH58V5dz6mrUvObOYA/sD5/AEH65Dp</latexit>

Map conformally to a rectangle R:

<latexit sha1_base64="Ix+utLaN91FekWaNV5+HaFP2Z8k=">AAACDHicbVDLSgMxFM3UV62vqks3wVZwVWaKorgqunEjVLEPaIdyJ5NpQzOZIckIpfQD3Pgrblwo4tYPcOffmGlnoa0HAodz7iX3HC/mTGnb/rZyS8srq2v59cLG5tb2TnF3r6miRBLaIBGPZNsDRTkTtKGZ5rQdSwqhx2nLG16lfuuBSsUica9HMXVD6AsWMALaSL1i6QZiTCIRRDIEzkdYRxiwpESD6HOKy3flCzNlV+wp8CJxMlJCGeq94lfXj0gSUqEJB6U6jh1rdwxSM8LppNBNFI2BDKFPO4YKCKlyx9MwE3xkFB+be8wTGk/V3xtjCJUahZ6ZDEEP1LyXiv95nUQH5+6YiTjRVJDZR0HC08RpM9hnaWxTgc+ASGZuxWQAEog2/RVMCc585EXSrFack8rpbbVUu8zqyKMDdIiOkYPOUA1dozpqIIIe0TN6RW/Wk/VivVsfs9Gcle3soz+wPn8A7c2aQA==</latexit>

Apply trapezoidal quadrature rule.

<latexit sha1_base64="odQt7n0X7U9cl58bMLvVKeMO5RY=">AAACDHicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bj14jGCiUISQu9sRwdnd8eZHiGGfIAXf8WLB0W8+gHe/BsnMQdfBQNFVTU9XbFW0lIYfgQTk1PTM7OFueL8wuLScmlltWFzZwTWRa5ycx6DRSUzrJMkhefaIKSxwrP46mjon92gsTLPTqmnsZ3CRSa7UgB5qVMqH2itepwMaLzNZQKKXztIDJAzyI1TWOE+FVbCEfhfEo1JmY1R65TeW0kuXIoZCQXWNqNQU7sPhqRQOCi2nEUN4gousOlpBinadn90zIBveiXh3dz4lxEfqd8n+pBa20tjn0yBLu1vbyj+5zUddffbfZlpR5iJr0VdpzjlfNgMT6RBQb6MRIIw0v+Vi0swIMj3V/QlRL9P/ksa25Vop7J7sl2uHo7rKLB1tsG2WMT2WJUdsxqrM8Hu2AN7Ys/BffAYvASvX9GJYDyzxn4gePsEo9ybWA==</latexit>

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

(m = .3)

<latexit sha1_base64="mS+cTeODWrfBcbZe+WF/bfWWZxk=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXpbdquhFKHrxWMF+QLuUbJq2oUl2TbJCWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvDDmTBvP+3ZyK6tr6xv5zcLW9s7uXnH/oKGjRBFaJxGPVCvEmnImad0ww2krVhSLkNNmOLqd+s0nqjSL5IMZxzQQeCBZnxFsrNQqC3SN3LPTbrHkud4MaJn4GSlBhlq3+NXpRSQRVBrCsdZt34tNkGJlGOF0UugkmsaYjPCAti2VWFAdpLN7J+jEKj3Uj5QtadBM/T2RYqH1WIS2U2Az1IveVPzPayemfxWkTMaJoZLMF/UTjkyEps+jHlOUGD62BBPF7K2IDLHCxNiICjYEf/HlZdKouP65e3FfKVVvsjjycATHUAYfLqEKd1CDOhDg8Ayv8OY8Oi/Ou/Mxb8052cwh/IHz+QOrfY5s</latexit>

r̃6(x)� x1/4

<latexit sha1_base64="oNydNVHUWbJ4zPq1+Y7bdT1ONRU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6sKaSH0si25cVrAPaGOYTKbt0MkkzEykJcSNv+LGhSJu/Qt3/o3TNgttPXDhcM693HuPFzEqlWV9G7mFxaXllfxqYW19Y3PL3N5pyDAWmNRxyELR8pAkjHJSV1Qx0ooEQYHHSNMbXI/95gMRkob8To0i4gSox2mXYqS05Jp7HUWZTxKRuuel4RE8hsP7xD6ppK5ZtMrWBHCe2Bkpggw11/zq+CGOA8IVZkjKtm1FykmQUBQzkhY6sSQRwgPUI21NOQqIdJLJByk81IoPu6HQxRWcqL8nEhRIOQo83Rkg1Zez3lj8z2vHqnvpJJRHsSIcTxd1YwZVCMdxQJ8KghUbaYKwoPpWiPtIIKx0aAUdgj378jxpnJbtSvnstlKsXmVx5ME+OAAlYIMLUAU3oAbqAINH8AxewZvxZLwY78bHtDVnZDO74A+Mzx+K1ZWo</latexit>

• poles along (�1, 0] in z plane

<latexit sha1_base64="60S+TQ8SoA7gcjhGTuSb8HY8/90="></latexit>

• formulation via elliptic functions

<latexit sha1_base64="mE+e8rTzVyaN//0spPDFesWvkUU=">AAACL3icbVBNSwMxEM36WevXqkcvwSJ4KrtF0WNREI8V7Ae0pWTT2TY0yS5JtlCX/iMv/pVeRBTx6r8w2xbR1gcDj/dmmJkXxJxp43mvzsrq2vrGZm4rv72zu7fvHhzWdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH59CEqzSD6YUQxtQXqShYwSY6WOe9sKoMdkygwI9gjjfCtjOIyUSPi0Bw8ZwcA5iw2jOEwkzVSdb4Hs/ox13IJX9KbAy8SfkwKao9JxJ61uRBMB0lBOtG76XmzaKVF2Cc/OSDTEhA5ID5qWSiJAt9Ppv2N8apVudqMtafBU/T2REqH1SAS2UxDT14teJv7nNRMTXrVTJuPEgKSzRWHCsYlwFh7uMgXU8JElhCqWBUL7RBFqbMR5G4K/+PIyqZWK/nnx4r5UKF/P48ihY3SCzpCPLlEZ3aEKqiKKntAEvaF359l5cT6cz1nrijOfOUJ/4Hx9AzB/qv0=</latexit>

Let f(x) = x1/n.

<latexit sha1_base64="VZyU+mZAEsbKGJezqZibLX4uwTM=">AAAB/nicbVDLSgNBEOyNrxhfq+LJy2AixEvcDYpehKAXDx4imAckMcxOZpMhs7PLzKwkLAF/xYsHRbz6Hd78GyePg0YLGoqqbrq7vIgzpR3ny0otLC4tr6RXM2vrG5tb9vZOVYWxJLRCQh7KuocV5UzQimaa03okKQ48Tmte/2rs1x6oVCwUd3oY0VaAu4L5jGBtpLa9d0M1yvn5wRG6QIP7xD0Wo0KubWedgjMB+kvcGcnCDOW2/dnshCQOqNCEY6UarhPpVoKlZoTTUaYZKxph0sdd2jBU4ICqVjI5f4QOjdJBfihNCY0m6s+JBAdKDQPPdAZY99S8Nxb/8xqx9s9bCRNRrKkg00V+zJEO0TgL1GGSEs2HhmAimbkVkR6WmGiTWMaE4M6//JdUiwX3pHB6W8yWLmdxpGEfDiAPLpxBCa6hDBUgkMATvMCr9Wg9W2/W+7Q1Zc1mduEXrI9v56qThg==</latexit>

Let vn = z :

<latexit sha1_base64="j5gUXM5yUBrLTY3L7ZM5eU1i1ks=">AAAB9XicdVBNS8NAEN3Ur1q/qh69LLaCp5BUq1UQil48eKhga6FNy2a7aZduNmF3U6mh/8OLB0W8+l+8+W/cphFU9MHA470ZZua5IaNSWdaHkZmbX1hcyi7nVlbX1jfym1sNGUQCkzoOWCCaLpKEUU7qiipGmqEgyHcZuXWHF1P/dkSEpAG/UeOQOD7qc+pRjJSWOldEweKow+EZvD8tdvMFyyxb9smRBS3TSpCQin1gQztVCiBFrZt/b/cCHPmEK8yQlC3bCpUTI6EoZmSSa0eShAgPUZ+0NOXIJ9KJk6sncE8rPegFQhdXMFG/T8TIl3Lsu7rTR2ogf3tT8S+vFSmv4sSUh5EiHM8WeRGDKoDTCGCPCoIVG2uCsKD6VogHSCCsdFA5HcLXp/B/0iiZ9qFZvi4VqudpHFmwA3bBPrDBMaiCS1ADdYCBAA/gCTwbd8aj8WK8zlozRjqzDX7AePsEcIKRLg==</latexit>

f(x) =
nx

2⇡i

Z

�v

(vn � x)�1dv

<latexit sha1_base64="XMKumZ5FqE0HCP/7KcerGcWb2rA="></latexit>



Code, papers, slides, and more:  

 heatherw3521.github.io

We can explain and exploit low rank properties in several computational
applications by...

<latexit sha1_base64="509nPzJfoOehKovOuDqswdverlg="></latexit>

Expanding our understanding of the Zolotarev rational functions

<latexit sha1_base64="cuDkurQc9UKTnyZXLcJAGuhCfr4="></latexit>

Revisiting and expanding upon our understanding of classical tools like contour
integration and conformal mapping

<latexit sha1_base64="+HSAeskv6A8Hu1hz4lOC12VbxLQ="></latexit>

Developing new computational methods for constructing rational
approximations to functions

<latexit sha1_base64="BUGbUcoSb+IQiCxVsQQYm0Z4/Lo="></latexit>

SUMMARY

http://heatherw3521.github.io

