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What is a Cauchy matrix?
Cauchy matrix: 

Left set Right set 

Cauchy function: 

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


What is a Cauchy-like matrix?

Cauchy-like matrix: 

Left set Right set 

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


What is a Cauchy-like matrix?

A Cauchy-like matrix is the 
Hadamard product of a Cauchy 
matrix and a low rank matrix. 

Famous Cauchy-like matrices: 

• Loewner matrices

• Pick matrices

• The Hilbert matrix

``A fast transform away” from 
a Cauchy-like matrix: 

• Toeplitz matrices

• Hankel matrices

• Vandermonde matrices

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


Why are they so commonly encountered?

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


Why are they so commonly encountered?

• Function approximation
• Method of fund. sol (PDEs)
• Various iterative methods in NLA
• Digital filter design

 

• Quadrature design
• Resolvent-based methods
• Functions of matrices/operators

 

Cauchy’s integral equation
 

Rational approximation
 

Displacement structure
 • Low rank approximation

• Fast direct solvers for structured
linear systems
• Iterative methods for linear
matrix equations

 

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


Cauchy matrices in action!

II. Exploiting displacement structure: 

 Extracting the Cauchy-like ``core” of displacement structure 
 

I. Application with Cauchy’s integral eqn. + rational approx.: 

    Proxy point methods via latent Cauchy-like decompositions
 

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


I. Proxy points via latent Cauchy-like decompositions

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


Interaction matrices

• K encodes interactions 
between points xj and yk

• One dimension of A is much 
larger than the other

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


Motivation: boundary integral equations

(W., Vaes, Gopal, & Martinsson, 2025) , See also: (Martinsson,2019) and refs. therein



Motivation:  HSS hierarchical matrices

Proxy points: 46 seconds

Standard method (CPQR): 44 min. 



Interpolative decompositions

The row subset selection problem: 
Which k rows of A approximately span the rowspace of A ?

Goal: construct low 
rank approximations to
“highly rectangular” 
submatrices: m << n.  

Use an interpolative 
decomposition: saves 
storage + other benefits  



Interpolative decompositions

Can we solve with a cost sublinear in n?

Goal: construct low 
rank approximations to
“highly rectangular” 
submatrices: m << n.  

Use an interpolative 
decomposition: saves 
storage + other benefits  



The proxy point idea

1. Solve the row subset selection 
problem with Aproxy                        

2. Replace the rows with rows of A:                        



The proxy point idea: “near-set points”

Example Heuristics: 

(i) Cluster: Set z1 = mean(y1, … , yp)

(ii) Subselect columns of A

Too expensive for practical use!



The proxy point idea: “between-set points”

Choose { z1, z2, …, zr} as 
“transitive source points” 



The proxy point idea: “between-set points”

Heuristic: the “proxy ring”: 



A theoretical framework for understanding proxy point methods

1. When do we expect that proxy point 
methods will be effective? What needs to 
be true about X, Y, K ?

2. Given X, Y, K, how many proxy points are 
needed to achieve a specified accuracy?

3. How can one choose “good” proxy points?

Questions: 

Answers: 
Rational approximation theory!

See also: Ye, Xia & Ying (2020) 



Introducing rational functions

See also: Trefethen & Horning (2025), Webb (2025)



Sneaking in rational functions

See also: Trefethen & Horning (2025), Webb (2025)



Rational approximation

See also: Trefethen & Horning (2025), Webb (2025)



Poles are proxy points!

AKA, the matrix A!

Set as Aproxy:  Use to solve the row 
subset selection problem! 



Error bounds

Key observation: We know a lot about approximating the 
characteristic function with rationals!

                  (This is a “Zolotarev” problem!) 



Error bounds

Rubin, Townsend & Wilber (2020)



Even better error bounds!

Webb (2025)



Two families of Zolotarev rationals, two styles of proxy points

Trefethen & Wilber (2024)

Type IV Zolotarev rationals
 

Type III Zolotarev rationals
 

Poles of ηr(z) = “in-
between set” proxy points

Zeros of фr(z) = “near-set” 
proxy points



Two families of Zolotarev rationals, two styles of proxy points

Trefethen & Wilber (2024)

Type IV Zolotarev rationals
 

Type III Zolotarev rationals
 



Computationally constructing Zolotarev rationals

Trefethen & Wilber (2024)

           
       
        

          
  

  

  

 

 

 

 

   

   

   

  

 

 

  

  



A practical algorithm for picking proxy points



II. Cauchy–like matrices: the core of displacement structure

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


Matrices with displacement structure: an irresistible game!

Georg Heinig (1947-2005) Victor Pan (Lehman College, CUNY) Thomas Kailath (Stanford Univ.) 

Levinson (1947), Durbin (1960),  Musicus (1988), Gohberg, Kailath & Olshevsky (1995), Kailath & Sayed (1995),
Pan (2001), Heinig (1995), Martinsson, Rohklin & Tygert (2005),  Chandrasekaran, Gu, Sun, Xia, & Zhu (2008), 
many more…

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


Displacement structure

See Kailath & Sayed (1995), Heinig (1995), Pan (2001),  Beckermann & Townsend (2016)

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


Example:  Vandermonde matrix

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


Diagonalization leads to Cauchy-like matrices

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


Diagonalization leads to Cauchy-like matrices

Convergence behavior for iterative methods, low rank properties of X 
 

(Beckermann & Townsend, 2019), (Sabino, 2008 ), (Penzl, 1999), (Benner, Truhar & Li, 2009), (Li & White, 2002), (Druskin, Knizhnerman & 
Simoncini, 2011), (Peaceman & Rachford, 1955), (Lu & Wachspress, 1991), (Townsend &  W., 2018), (Rubin, Townsend, & W., 2022)

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


Toeplitz-to-Cauchy via diagonalization…

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


Toeplitz-to-Cauchy

(Beckermann, Kressner, & W., 2025), Martinsson, Rohklin & Tygert (2005), 
(, Gu, Sun, Xia, & Zhu ,2008), (Xi, Xia, Cauley, Balakrishnan, 2014) 

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


Additional displacement-based applications

  
 

  
 

  
 

  
 

  
 

  
 

(See W., Epperly, & Barnett, 2024) 

Fast Cauchy-like compression

(See Aurele-Gilles & W., 2026) 

Vandermonde-to-Cauchy

https://mail.google.com/mail/u/0?ui=2&ik=51f9bbb244&attid=0.1&permmsgid=msg-f:1844982804297722930&th=199ab215dadeac32&view=att&zw&disp=safe


Thank you!

heatherw3521.github.io
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