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Acoustic scattering

Incident field

Scattered field

total field



Fast transform methods
        nonuniform FFTs
        bandlimited functions

Quadrature methods
          highly oscillatory integrals
          handling (near) singular integrands

Approximation theory
          multipole expansions
          functions near singularities

Boundary integral equations
          contour integration methods
          fast direct solvers
          parameter-dependent PDEs

A numerical challenge…



Unfriendly domain features: trapping  regions and corners



▪ Spatial discretization must impose 
artificial (absorbing) boundary conditions

▪ No “time-skipping”

▪ Small timesteps

▪ Accumulation of dispersive error 
over time

Traditional direct-in-time methods

Idea! Express solution in integral 
form using Fourier transform… 



Hybrid time-frequency methods

See also: rational approximation methods (Bruno and Santana, 2025, Bruno, Santana and Trefethen, 2024), 
convolutional quadrature (Lubich, 1994, Banjai, 2012, and many more),  Mechocci, Misici, Recchioni, and Zirilli (2000),  
retarded layer potentials and time integration (Ha-Doung, 2003, Barnett, Greengard, and Hagstrom, 2020, many more)



A boundary integral approach

unknown



A boundary integral approach



A boundary integral approach

▪ Fast direct solvers

▪ Broadband solvers?

Fast solvers: Rokhlin (1983), Martinsson and Rokhlin (2005),  Gillman Young, and Martinsson (2012), many more…
Broadband solvers: Gopal and Martinsson (2024)



There’s no free lunch…

Goal:

solving Helmholtz at each ωj + evaluating solution integral 
at all relevant x. Yikes!



There’s no free lunch…



A question of quadrature

Number GL of quadrature points grows linearly with t!



Handling a highly oscillatory integral

▪  Equivalent to fast “scaled convolution” method (Anderson, Bruno, Lyon (2020))

▪ Equivalent to Shannon Sampling Theorem for bandlimited functions + truncation (See Kirchies and Potts (2024))



The trouble with trapping…

        
  

  

  

  

 

 

 

 

 

                   

  
   

  
  

  
 



                   

  
  

  
  

  
 

The trouble with trapping…

       
  

  

  

  

 

 

 

 

 



The trouble with trapping…

       
  

  

  

  

 

 

 

 

 

Not feasiblem > 5000 LOL!



T-dependency is inescapable



T-dependency is inescapable



Approximation theorist 

We need to improve analyticity properties!

Physicist 

We need to identify and isolate/avoid slow-decaying eigenmodes!

Engineer 

Damp!



The trouble with trapping

Consider two domains…



The trouble with trapping

Poles in the half arc case



The trouble with trapping

Poles in the pinched arc case



The complex ω-plane

Scattering theory perspective

Related: Bruno, Santana, and Trefethen (2024), Bruno and Santana (2025)



The complexification trick

Undamped = Damped + corrections

Rokhlin (1982)



The complexification 
trick

Undamped = Damped + corrections

Rokhlin (1982)



The complexification trick

    

     

     

     

     

 

    

    

    

    

   

                        
  

   

  
   

  
  

  
 



Damped+corrected fast sinc quadrature scheme

Fast sinc transform via FINUFFT library (H. Lawrence, Anderson, Barnett).  See also Greengard, Lee, Inati (2006) 



Summary:      When you encounter problems…

Thank you!

HOUSEHOLDER XXII 

Take refuge in the complex plane, and take advantage of data sparsity!
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