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Today’s focus: the nonuniform discrete Fourier transform



Related highly structured matrix families



What do all these matrices have in common?

1. They share a very special kind of displacement 
structure, enabling a sparse representation. 

2. They are all just a fast transform away from 
hierarchical low rank structure.



Fast and superfast solvers



Fast and superfast solvers

Can we adapt these ideas to Vandermonde systems, and beyond?



Templates for a superfast solvers

Displacement structure
+

Zolotarev rationals for low rank approximation



Zolotarev rationals and low rank approximation

The inverse nonuniform discrete Fourier transform



Y. Zolotarev
(1847-1878)

Zolotarev’s rational approximation problems

Zolotarev’s fourth problem:
Rational analogue to polynomial filtering

Zolotarev’s third problem:
Rational analogue to Chebyshev polynomial 
approximation problem

Rational approximation to sign function 
on disjoint intervals, square root function 
on [β, 1]. 

[Acheiser (1901), Todd (1984), Gončar (1969), Istace &Thiran (1995)] 



Zolotarev’s rational approximation problems

Iterative solvers for matrix equations 

Low rank approximation and bounds on the decay of 
singular values of certain matrices 

Eigensolvers, polar decompositions, the SVD

Tensor compression

Spectral methods and PDE solvers

Digital and analog filter design

Nonlinear approximation schemes (e.g., via rationals
or exponential sums)

Y. Zolotarev
(1847-1878)

[See Simoncini (2016) , Beckermann & Townsend (2019), Nakatsukasa & Freund (2016) for overviews]



Zolotarev’s third problem

Chebyshev’s problem Zolotarev’s problem



Zolotarev’s third problem

Chebyshev’s problem Zolotarev’s problem



Zolotarev’s third problem



Known results: Disks and Intervals



[ (Gončar, 1969), (Ganelius, 1977, 1979),  (Rubin, Townsend, & W., 2022) ] 

Known results: More general sets



Key ideas: 

Computing Zolotarev rationals

[ (Trefethen & W., 2024), (Nakatsukasa, Sète & Trefethen, 2018)] 



The low rank connection: 
Displacement, Zolotarev, and singular value decay 



Matrices with displacement structure

[(Beckermann & Townsend, 2019), (Kailath & Sayed, 1995) (Heinig, 1995)] 



Example: Vandermonde matrix



[ (Beckermann & Townsend, 2019), (Sabino, 2008 ), (Penzl, 1999), (Benner, Truhar & Li, 2009), (Li & White, 2002), 
(Druskin, Knizhnerman & Simoncini, 2011), (Peaceman & Rachford, 1955), (Lu & Wachspress, 1991), (Townsend &  W., 
2018), (Rubin, Townsend, & W., 2022) ] 

The low rank connection



[(Li & White, 2002), (Benner, Li & Truhar, 2009)] 

The factored ADI method



Bounding the ADI error

[ (Beckermann & Townsend, 2017), (Sabino, 2008 ), (Penzl, 1999), (Benner, Truhar & Li, 2009), (Li & White, 2002), 
(Druskin, Knizhnerman & Simoncini, 2011), (Peaceman & Rachford, 1955), (Lu & Wachspress, 1991), (Townsend &  
W., 2018), (Rubin, Townsend, & W., 2022) ] 



Bounding the Zolotarev numbers

[(W., 2021), (W., Epperly, & Barnett, 2024)] 

Key Idea: 



The inverse nonuniform discrete Fourier transform



[Forward problem: (Barnett, see FINUFFT package), (Potts, Kunis, see NFFT package) (Greengard and Inati, 2006 ), (Townsend and Ruiz, 2017), 
Other direct inversion solvers: (Kircheis and Potts, 2019 ), (Dutt and Rokhlin, 1993)] 

Inverse nonuniform discrete Fourier transforms

Goal:



[Forward problem: (Barnett, see FINUFFT package), (Potts, Kunis, see NFFT package) (Greengard and Inati, 2006 ), (Townsend and Ruiz, 2017), 
Other direct inversion solvers: (Kircheis and Potts, 2019 ), (Dutt and Rokhlin, 1993)] 

Inverse nonuniform discrete Fourier transforms

Goal:



Goal:

Inverse nonuniform discrete Fourier transforms



Inverse nonuniform discrete Fourier transforms

Goal:



Inverse nonuniform discrete Fourier transforms

Goal:



Goal:

Small perturbation, structure breaks!

Inverse nonuniform discrete Fourier transforms

Solution: Find a new structure



Inverse nonuniform discrete Fourier transforms

Problem: 

Solution:  Fast direct solvers



When the problem compels it,  use a direct solver!  

[ Related ideas: (Greengard and Inati, 2006 ), (Kircheis and Potts, 2019 ),(Dutt and Rokhlin, 1993), (Heinig, 1995)] 

Inverse nonuniform discrete Fourier transforms



The fast Cauchy-like transformation family



The Cauchy-like transformation



The Cauchy-like transformation



The Cauchy-like transformation



Low rank submatrices



Low rank submatrices



ADI-based hierarchical compression



ADI-based hierarchical compression



ADI-based hierarchical solver

[A least-squares Toeplitz solver: (Xi, Xia, Cauley, Balakrishnan, 2014) ] 



When do iterative solvers work well? 



    
  

  

  
 

  
 

  
 

  
 

      

              

           

      

            

When iterative methods work well



    
  

  

  
 

  
 

  
 

  
 

      

              

           

      

            

When a direct solver is needed



When a direct solver is needed

    

  
  

  
  

  
  

  
  



  
 

  
 

  
 

  
 

  
  

  
  

  
  

  
 

  
 

  
 

  
 

  
 

  
 

  
 

Systems with many right-hand sides

[ (Kircheis and Potts, 2019)] 



Solution properties

    

  

    

 

   

 

   

    

           

     

     

                   

               

    

 

   

 

   



Ongoing work



Ongoing work

Zolotarev rationals on general sets via interpolation 
(with L.N. Trefethen)

Inverse-free iterative solvers for Sylvester matrix equations 
via Akheizer polynomials (with T. Trogdon and C. Ballew)



Code for solver: https://github.com/heatherw3521/NUDFT

Paper on NUDFT inversion:  https://arxiv.org/abs/2404.13223

Paper on computing Zolotarev rationals: https://arxiv.org/abs/2408.14092

Resources and software

https://github.com/heatherw3521/nudft
https://arxiv.org/abs/2404.13223
https://arxiv.org/abs/2408.14092


Begin Extra Slides



Constructing low rank approximations

[Factored ADI: (Benner, Li, Truhar, 2009), Interpolative decomposition: (Cheng, Gimbutas, Martinsson, Rokhlin, 2005)] 



The ADI method

[ (Peaceman & Rachford, 1955), (Lebedev, 1977), (Lions & Mercier, 1979), (Lu & Wachspress, 1991)] 
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