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computational mathematics



When are rationals useful?



Matrix function evaluation:  (Gawlik, 2020), (Nakatsukasa and Gawlik, 2021), 
(Braess and Hackbusch, 2005, 2009) (Ward, 1977) (Gosea and Güttel, 2020) and 
many more…

Eigendecompositions/Polar decomposition: ( Nakatsukasa and Freund, 2015), 
(Saad, El-Guide, and Międlar), (Tang and Polizzi, 2014), (Güttel, 2010), (Ruhe, 1994
and many more… 

Solving linear systems/matrix equations: (Ruhe, 1994),(Druskin and Simoncini, 
2011), (Sabino, 2008), (Kressner, Massei, and Robol, 2019), (Benner, Truhar, and Li, 
2009), (W. And Townsend, 2018) many more…

Solving PDEs: (Haut, Beylkin and Monzòn 2015), (Trefethen and Tee, 2006 ), 
(Gopal and Trefethen, 2019) , (Haut, Babb, Martinsson, and Wingate, 2016), (Chen, 
Martinsson, W.) many more…

Quadrature, conformal mapping, analytic continuation, digital filter design, 
reduced order modeling… (See Approximation Theory and Practice, Ch. 23)





Applications in signal processing





The square root approximation problem gives us 
insight into many problems that involve 
computing with rational functions…

3 big ideas: many applications
• signal processing (event detection, filtering, denoising, 

reconstruction)
• numerical linear algebra (NLEVP, functions of matrices, 

low rank approximation, ...)
• solving of PDEs
• quadrature, resolvent methods

(There are many more ideas and applications we won’t be talking about today!)



What is the main challenge? 

And how can rationals help? 

To see the issue, let’s venture into the 
complex plane… 



A phase plot of the square root function



A phase plot of the square root function



A rational approximation to the square root 



A rational approximation to the square root 



A rational approximation to the square root 



Big idea 1: Cluster poles near singularities!



Big idea 1: Cluster poles near singularities!



Big idea 1: Cluster poles near singularities!

Root-exponential 
convergence rates

1964:



Big idea 1: Cluster poles near singularities!
Gopal and Trefethen (2019): Lightning Laplace (Helmholtz, Biharmonic)  solver. 

(Fairweather & Karageorghis, 1998), ( Trefethen, 2020) (Trefethen, Nakatsukasa & Weideman,2021)

(L.N. Trefethen) (A. Gopal)



Big idea 1: Cluster poles near singularities!

(Xi, Xia, Cauley, Balakrishnan, 2014), (Chandrasekaran, Gu, Pals, 2006)

(E. Epperly)



What happens if I don’t know where the 
singularities are?

Reconstructed ECG signal in REfit

(W., Damle, Townsend, 2022)

In many applications, we don’t 
know where the singularities are. 

The goal might involve detecting 
singularity locations/occurrences. 

(A. Townsend) (A. Damle)



Big idea 2: free-pole interpolation methods 

One option:

(Antoulas & Anderson, 1986) (Nakatsukasa, Trefethen & Sete, 2018) (Baddoo, 2021), (Wilber, Damle & 
Townsend, 2022 ) (Related ideas from: Gutenknecht, Beylkin & Monzòn, Plonka, many more..)

Data-driven process



Big idea 2: free-pole interpolation methods 

Another option:

(Antoulas & Anderson, 1986) (Nakatsukasa, Trefethen & Sete, 2018) (Baddoo, 2021), (Wilber, Damle & 
Townsend, 2022 ) (Related ideas from: Gutenknecht, Beylkin & Monzòn, Plonka, many more..)

Data-driven process in Fourier space



Big idea 2: free-pole interpolation methods 

Applying AAA: 
From 1 to 20 poles



Big idea 2: free-pole interpolation methods 

Cubic Spline: Could you guess the knot locations?

(Wilber, Damle & Townsend, 2022 )  (Beylkin & Monzòn, 2009 ) 



Big idea 2: free-pole interpolation methods 

Cubic Spline: Could you guess the knot locations?

(Wilber, Damle & Townsend, 2022 )  (Beylkin & Monzòn, 2009 ) 



Big idea 2: free-pole interpolation methods 

Feature extraction: abnormality detection, classification, parameter recovery

Signal reconstruction: geophysics and seismology, biomedical monitoring, 

extrapolation/superresolution, filtering  

NLEVP, Reduced order modeling, dynamical systems

(Antoulas & Anderson, 1986) (Nakatsukasa, Trefethen & Sete, 2018) (Baddoo, 2021), (Wilber, Damle & 
Townsend, 2022 ) (Related ideas from: Gutenknecht, Beylkin & Monzòn, Plonka, many more..)

Data-driven rational approximations



GOAL: Develop software tools for working adaptively with 
trigonometric rational approximations to periodic functions. 

Regularized 
Prony’s method

The AAA 
algorithm

(time/spatial)(Fourier space)

• Data-driven: no tuning parameters

• “Near-optimal” rational approximations

• Basic tools: algebraic operations (sums, products), 
differentiation, integration, filtering, rootfinding, 
polefinding, visualization, etc.

• Works with noisy, under-resolved, missing data.

Big idea 2: free-pole interpolation methods 



Code available at github.com/heatherw3521/REfitComputing with rational functions and exponential sums

Problem :



Computing with rational functions and exponential sums

(Time)(Fourier space)



Code available at github.com/heatherw3521/REfitComputing with rational functions and exponential sums



Data-driven computing with 
rational functions and exponential sums

Impute missing data 

Automatic denoising



Big idea 3: closed-form approximations
(via integration + quadrature)

When is it worth it to develop a closed-form solution?

• When closed-form “relatives” exist and can be studied.

• When the payout is big! Error analysis is valuable, solves related problems, etc. 

• When the continuous problem really matters! 



The square root problem is linked to many 
important problems in computational 
mathematics…

(Y. I. Zolotarev)



W., Chen, Martinsson (2022)

W., Townsend (2018)

W., Rubin, Townsend (2022)

W., Beckermann, Kressner (2021)
W., Epperly (2022)

W., Wright,  Townsend (2017)
W., Townsend (2018)

[Druskin, Knizhnerman and Simoncini, Beckermann, Sabino, Penzl …]

[Olver, Townsend, Fortunato, W., Wright, Boullé, …]

[Townsend, Shi, …]

[Martinsson, Rokhlin,Tygert, Chandrasekaran, Gu, Xia,  Zhu, Xia, Xi, Gu, Beckermann, Kressner, W. , Epperly, W.]

[Simoncini, Palitta, Benner, Bujanović, Kürshcher, Saak, Breiten, Wong, Balakrishnan, Li, Truhar, Li,  White, 

Bertram, Faßbender, Kressner, Massei, Robol, Lu, Wachspress, Mehrmann, Gugercin, Sorenson, Penzl, 

R.C. Smith …]

[ Nakatsukasa, Freund (2016), …]

[Gawlik, Nakatsukasa, Hale, Higham, Trefethen, …] 

[Beckermann, Townsend, Sabino, Rubin, W., … ]

[ Daniels,  …]



The spectral fractional Poisson equation
and pth root approximations

(K. Chen)(P.G. Martinsson)



“Diffusion of particles with spattering”

-C. Pozrikidis (The Fractional Laplacian)

[(Karnidakas, et. al.), (Pozrikidis) (Shen & Wang) (Harizanov) (Bonito & ) ] 

The spectral fractional Poisson equation



The spectral fractional Poisson equation

[(Bonito & Pasciak, 2015), (Aceto & Novati, 2017), (Martinsson, 2019) (Fortunato, Hale & Townsend, 2020) ] 

Fast direct solvers



The spectral fractional Poisson equation

[(Bonito & Pasciak, 2015), (Aceto & Novati, 2017), (Martinsson, 2019) (Fortunato, Hale & Townsend, 2020) ] 

Key Ingredients: 



How to build such a rational function?

How to solve it:



[(Hale, Higham & Trefethen, 2007)] 

How to solve it: contour integration

Key Idea:



[(Hale, Higham & Trefethen, 2007)] 

How to solve it: contour integration

v-plane z-plane



How to solve it: contour integration

Bad extrapolation properties:



How to solve it: contour integration

Getting a good rational function :

balanced

unbalanced

(Nakatsukasa & Gawlik, 2019), (Harizanov, 2022)



How to solve it: contour integration

(Nakatsukasa & Gawlik, 2019), (Harizanov, 2022)

E
rr

o
r

Poles



How to solve it: contour integration

Number of poles

E
rr

o
r



Summary: Three big strategies for 
constructing rational approximations

When you know where the singularity lives + have 
access to samples:  Pole clustering + linear fit to 
data! 

When you want to know where the singularity lives + 
have access to samples:  Pole free interpolation 
methods!  

When you need a continuous or closed-form 
solution:  Contour integration + quadrature!



REfit for data-driven rational computing:

(open-source package for MATLAB)

Other AMAZING rational approximation tools:

AAA in Chebfun: 

www.chebfun.org (Nakatsukasa, Trefethen, Sète)

RKfit for rational Krylov subspace approximation:

guettel.com/rktoolbox/index.html (Berljafa, Güttel)

My website:

heatherw3521.github.io

Thank you!
Thank you!

https://www.chebfun.org/
http://guettel.com/rktoolbox/index.html
http://heatherw3521.github.io/


Trigonometric rational functions



Trigonometric rational functions

in Fourier space

[ Adamjan, Arov, and Krein (1971), Beylkin and Monzón (2005, 2009), Pototskaia and Plonka (2016), 
Potts and Tasche (2010) ]

Key observation: 

(Gaspard de Prony)



(O. Sète)(L.N. Trefethen)(Y. Nakatsukasa)

Key Idea: greedily build up an interpolant, one point at a time. 

The AAA algorithm 



Advantage for postprocessing: rootfinding

More advantages

[Berrut, Baltensperger, Mittelmann 
(2005)]

[Higham (2004), Austin and Xu 
(2017)]

PronyAAA algorithm



Matrix function evaluation:  (Gawlik, 2020), (Nakatsukasa and Gawlik, 
2021), (Braess and Hackbusch, 2005, 2009) (Ward, 1977) (Gosea and Güttel, 
2020) and many more…

Eigendecompositions/Polar decomposition: ( Nakatsukasa and Freund, 2015), 
(Saad, El-Guide, and Międlar), (Tang and Polizzi, 2014), (Güttel, 2010), (Ruhe, 1994
and many more… 

Solving linear systems/matrix equations: (Ruhe, 1994),(Druskin and 
Simoncini, 2011), (Sabino, 2008), (Kressner, Massei, and Robol, 2019), 
(Benner, Truhar, and Li, 2009), (W. And Townsend, 2018)many more…

Solving PDEs: (Haut, Beylkin and Monzòn 2015), (Trefethen and Tee, 2006 ), (Gopal and 
Trefethen, 2019) , (Haut, Babb, Martinsson, and Wingate, 2016), many more…

Quadrature, conformal mapping, analytic continuation, digital filter design, 
reduced order modeling… (See Approximation Theory and Practice, Ch. 23)

When are rationals useful?



When are rationals useful?



(O. 

Sète)
(L.N. Trefethen)(Y. Nakatsukasa)

Key Idea: greedily build up an interpolant, one point at a time. 

[Nakatsukasa, Trefethen, & Sète (2018), Antoulas & Anderson (1986), Berrut (2005), Badoo(2021) ]

PronyAAA algorithm



Idea 1:

Exponential sums to barycentric interpolants



Idea 1:

Idea 2:

Exponential sums to barycentric interpolants



PronyAAA algorithm

Where are the poles?



Prony’s method

[Belykin & Monzon (2005, 2009) , Peter & Plonka (2013), Potts & Tasche (2013)]

(Gaspard de 

Prony)



Key Idea:

barycentric to exponential sum

[Miller (1970), Moitra (2016), Transtrum, Matcha and Sethna (2010)]



exponential sum to barycentric:
CPQR-selected interpolation points



exponential sum to barycentric:
CPQR-selected interpolation points

[Golub & Busigner (1965), Chandrasekaran & Ipsen (1994), Gu & 
Eisenstat (1996)]



AAA-selected and 
CPQR-selected interpolation points

Example:



[Nakatsukasa , Weideman & Trefethen (2021)]

AAA-selected and CPQR-selected poles
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