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When are rationals useful?

the functions we can make are polynomials and rationals.

<latexit sha1_base64="cVmG9weG3WFk+NBBHs1MKT4sruA=">AAACIXicbVDLSgNBEJz1GeMr6tHLYBA8hd2gmGPQi8cIxgRiCL2T3mTIPJaZWSWE/IoXf8WLB0W8iT/j5HHQaMNAdVUXPV1xKrh1YfgZLC2vrK6t5zbym1vbO7uFvf1bqzPDsM600KYZg0XBFdYddwKbqUGQscBGPLic6I17NJZrdeOGKbYl9BRPOAPnqU6h4vpIk0yxSWvpA1IGikoYIAWDNNViqLTkICwF1aVmavNdqVMohqVwWvQviOagSOZV6xQ+7rqaZRKVYwKsbUVh6tojMI4zgeP8XWYxBTaAHrY8VCDRtkfTC8f02DNdmmjjn3J0yv50jEBaO5Sxn5Tg+nZRm5D/aa3MJZX2iKs0c6jYbFGSCeo0ncRFu9wgc2LoATDD/V8p64MB5nyoeR9CtHjyX3BbLkWnpbPrcrF6MY8jRw7JETkhETknVXJFaqROGHkkz+SVvAVPwUvwHnzMRpeCueeA/Krg6xuPK6PE</latexit>

When our toolbox is limited to the basic arithmetic operations

<latexit sha1_base64="Ao92o8ZLj4FS/QlQeEH7nvSSKv0="></latexit>

(+, �, ⇥, ÷),

<latexit sha1_base64="RpjsjaYWEuaGz1eJ0ZqwxRQxry8="></latexit>

exp(A)

<latexit sha1_base64="U8M9uo2EY5cUOI4JjCwb1jHnbc4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexKRI9RLx4jmAckS5id9CZDZmeXmVkxhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm7mt/PbO7t5+4eCwoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7dRvPqLSPJYPZpSgH9G+5CFn1Fip2cGnpHR91i0U3bI7A1kmXkaKkKHWLXx1ejFLI5SGCap123MT44+pMpwJnOQ7qcaEsiHtY9tSSSPU/nh27oScWqVHwljZkobM1N8TYxppPYoC2xlRM9CL3lT8z2unJrzyx1wmqUHJ5ovCVBATk+nvpMcVMiNGllCmuL2VsAFVlBmbUN6G4C2+vEwa52WvUr64rxSrN1kcOTiGEyiBB5dQhTuoQR0YDOEZXuHNSZwX5935mLeuONnMEfyB8/kDefGPAw==</latexit>

p
A

<latexit sha1_base64="y2kiiXOaBsKK6r3GqzFRxPeQ6/8=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo+oF4+YyCOBDZkdBpgwO7vM9JqQDT/hxYPGePV3vPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmM7mZ+84lrIyL1iJOY+yEdKNEXjKKVWh0z1pjeTLvFklt25yCrxMtICTLUusWvTi9iScgVMkmNaXtujH5KNQom+bTQSQyPKRvRAW9bqmjIjZ/O752SM6v0SD/SthSSufp7IqWhMZMwsJ0hxaFZ9mbif147wf61nwoVJ8gVWyzqJ5JgRGbPk57QnKGcWEKZFvZWwoZUU4Y2ooINwVt+eZU0LspepXz5UClVb7M48nACp3AOHlxBFe6hBnVgIOEZXuHNGTsvzrvzsWjNOdnMMfyB8/kDXXOQMQ==</latexit>

sign(A)

<latexit sha1_base64="rYZmKx9e/9IGtV1JJ/+Wvw9lG6k=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXspuUfRY9eKxgv2AdinZNNuGJtk1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0d3Mb42p0iySj2YSU1/ggWQhI9hYyU+7SiDNBrJ8cz7tFUtuxZ0DrRIvIyXIUO8Vv7r9iCSCSkM41rrjubHxU6wMI5xOC91E0xiTER7QjqUSC6r9dH70FJ1ZpY/CSNmSBs3V3xMpFlpPRGA7BTZDvezNxP+8TmLCaz9lMk4MlWSxKEw4MhGaJYD6TFFi+MQSTBSztyIyxAoTY3Mq2BC85ZdXSbNa8S4qlw/VUu02iyMPJ3AKZfDgCmpwD3VoAIEneIZXeHPGzovz7nwsWnNONnMMf+B8/gD+z5GY</latexit>

Rationals appear in the fundamental things we do in numerical linear algebra.

<latexit sha1_base64="/iOQPy/jme2HER3hP3ydznIpJoY="></latexit>

Rational functions have excellent approximation power near singularities.

<latexit sha1_base64="py/6kljdVdA+O1v5CaURiBVi8eo="></latexit>

...and so much more!

<latexit sha1_base64="GWemfrysSMhZgFBev/x4zaIh0JA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3o0VwFZKi6LLoxmUF+4A2lMlk0g6dR5iZCDUUf8WNC0Xc+h/u/BunbRbaeuDC4Zx7ufeeKGVUG9//dpaWV1bX1ksb5c2t7Z1dd2+/qWWmMGlgyaRqR0gTRgVpGGoYaaeKIB4x0oqGNxO/9UCUplLcm1FKQo76giYUI2OlnnvoeR4SMdQS8gwPIJeKHPfciu/5U8BFEhSkAgrUe+5XN5Y440QYzJDWncBPTZgjZShmZFzuZpqkCA9Rn3QsFYgTHebT68fw1CoxTKSyJQycqr8ncsS1HvHIdnJkBnrem4j/eZ3MJFdhTkWaGSLwbFGSMWgknEQBY6oINmxkCcKK2lshHiCFsLGBlW0IwfzLi6RZ9YJz7+KuWqldF3GUwBE4AWcgAJegBm5BHTQABo/gGbyCN+fJeXHenY9Z65JTzByAP3A+fwB96ZP5</latexit>



Rationals are useful for...

<latexit sha1_base64="Symo/kgdr6WySlQbJ/FiAPdYeds="></latexit>

Applications in signal processing

(approximations to signals with sharp features, rapid transitions)

<latexit sha1_base64="ODarvfLoinh2yYlfyHkkqA8S6bo="></latexit>

• extrapolation.

<latexit sha1_base64="ixBEmimj7L2RbLFGCXm6LuNr+Yk=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNF0WXRjcsK9gFtKZn0tg3NZIbkjliH/ocbf8WNC0VcCS78GzNtEW09EDiccy439/iRFAZd98vJLC2vrK5l13Mbm1vbO/ndvZoJY82hykMZ6obPDEihoIoCJTQiDSzwJdT94WXq129BGxGqGxxF0A5YX4me4Ayt1MmXWj70hUoEQiDuYZxrpYzCHWoWhXKSKuZaoLo/kU6+4BbdCegi8WakQGaodPIfrW7I4wAUcsmMaXpuhO2EaRRcpitjAxHjQ9aHpqWKBWDayeS2MT2ySpf2Qm2fQjpRf08kLDBmFPg2GTAcmHkvFf/zmjH2ztuJUFGMoPh0US+WFEOaFkW7QgNHObKEcS3sXykfMM042jpztgRv/uRFUisVvZPi6XWpUL6Y1ZElB+SQHBOPnJEyuSIVUiWcPJAn8kJenUfn2Xlz3qfRjDOb2Sd/4Hx+A6lyom4=</latexit>

• representing functions sparsely in both frequency and time domains.

<latexit sha1_base64="Hf8uYBDnS4WMfEMKtYYHb+RZvCw="></latexit>

• imputing missing data.

<latexit sha1_base64="HC2dbDlUc+DnUh1tg3+WjR/prYQ=">AAACI3icbVBNSwMxEM3Wr1q/qh69BIvgqewWRfFU9OJRwVahLSWbndZgkl2SWaEu/S9e/CtePCjixYP/xWxbRFsfhDzevGFmXphIYdH3P73C3PzC4lJxubSyura+Ud7cato4NRwaPJaxuQmZBSk0NFCghJvEAFOhhOvw7iyvX9+DsSLWVzhIoKNYX4ue4Ayd1C2ftEPoC50JBCUeYFhq54wKlaQodJ8qYW3+RwxZtdQGHf1Yu+WKX/VHoLMkmJAKmeCiW35vRzFPFWjkklnbCvwEOxkzKLjMR6cWEsbvWB9ajmqmwHay0Y1DuueUiPZi455GOlJ/d2RMWTtQoXMqhrd2upaL/9VaKfaOO5nQ7mDQfDyol0qKMc0Do5EwwFEOHGHcCLcr5bfMMI4u1pILIZg+eZY0a9XgoHp4WavUTydxFMkO2SX7JCBHpE7OyQVpEE4eyTN5JW/ek/fivXsfY2vBm/Rskz/wvr4BkualdQ==</latexit>

• filtering noise.

<latexit sha1_base64="9Lj4gvnbZcq25PwInLnuIF7eB7M=">AAACHXicbVDLSsNAFJ3UV62vqks3g0VwVZJS0WXRjcsK9gFNKZPJTTt0MgkzE6GG/ogbf8WNC0VcuBH/xkkbRFsPDBzOOZc793gxZ0rb9pdVWFldW98obpa2tnd298r7B20VJZJCi0Y8kl2PKOBMQEszzaEbSyChx6Hjja8yv3MHUrFI3OpJDP2QDAULGCXaSINy3fVgyETKNITsHqYlN2M4YFyDZGKIRcQUVEsuCP8nNChX7Ko9A14mTk4qKEdzUP5w/YgmIQhNOVGq59ix7qdEakZ5tjRREBM6JkPoGSpICKqfzq6b4hOj+DiIpHlC45n6eyIloVKT0DPJkOiRWvQy8T+vl+jgop8yEScaBJ0vChKOdYSzqrDPJFDNJ4YQKpn5K6YjIgk11aiSKcFZPHmZtGtVp149u6lVGpd5HUV0hI7RKXLQOWqga9RELUTRA3pCL+jVerSerTfrfR4tWPnMIfoD6/Mby2mi+g==</latexit>

• identifying/locating singularities.

<latexit sha1_base64="ccPsLD7W/NNyRPUIwkQNBhp+GUo="></latexit>

• recovering signals with slowly decaying spectral content.

<latexit sha1_base64="id7NWPddr4AQc0Q8xag3INaIatg="></latexit>



Re

<latexit sha1_base64="sigLm9WPCLPVz3VTEfNNhHoOYsY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8da7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaGC/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfumUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NhlwhcyIiSWUKW5vJWxEFWXGhlOyIXjLL6+S1kXVu6xePVxWard5HEU4gVM4Bw+uoQb3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A22SjU0=</latexit>

Im

<latexit sha1_base64="5AGch+Dz9nYohCud+DdRUQL0PmU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF71FMQ9IljA7mU2GzGOZmRXCkj/w4kERr/6RN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSjHSc0FHggWcwItk56uBO9csWv+jOgZRLkpAI56r3yV7evSCqotIRjYzqBn9gww9oywumk1E0NTTAZ4QHtOCqxoCbMZpdO0IlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6NuozTYnlY0cw0czdisgQa0ysC6fkQggWX14mzbNqcF69uD+v1K7zOIpwBMdwCgFcQg1uoQ4NIBDDM7zCmzfyXrx372PeWvDymUP4A+/zB2wFjUw=</latexit>

Applications in signal processing:
When are rationals useful?

Example: Identifying singularities 



Applications in signal processing:
When are rationals useful?

Example: Identifying singularities 

Re

<latexit sha1_base64="sigLm9WPCLPVz3VTEfNNhHoOYsY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8da7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaGC/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfumUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NhlwhcyIiSWUKW5vJWxEFWXGhlOyIXjLL6+S1kXVu6xePVxWard5HEU4gVM4Bw+uoQb3UIcmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A22SjU0=</latexit>

Im

<latexit sha1_base64="5AGch+Dz9nYohCud+DdRUQL0PmU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF71FMQ9IljA7mU2GzGOZmRXCkj/w4kERr/6RN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSjHSc0FHggWcwItk56uBO9csWv+jOgZRLkpAI56r3yV7evSCqotIRjYzqBn9gww9oywumk1E0NTTAZ4QHtOCqxoCbMZpdO0IlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6NuozTYnlY0cw0czdisgQa0ysC6fkQggWX14mzbNqcF69uD+v1K7zOIpwBMdwCgFcQg1uoQ4NIBDDM7zCmzfyXrx372PeWvDymUP4A+/zB2wFjUw=</latexit>



Feature extraction: abnormality detection, classification, parameter recovery

Signal reconstruction: geophysics and seismology, biomedical monitoring, 
extrapolation/superresolution, filtering  
[Belykin and Monzón (2009), Moitra (2018), Fridli, Lósci and Schipp (2012), Vetterli, Marziliano, and 
Blu (2002)]

[Gilián (2016), Moitra (2018) , Peter and Plonka (2013), Potts and Tasche (2013)]

Applications in signal processing:
When are rationals useful?

Related methods:  wavelets, RBFs, splines

Reconstructed ECG signal in REfit

(W., Damle, Townsend, 2022)

[De Boor, Debnath, Wendland,Unser and Blu, and many more]



GOAL: Develop software tools for working adaptively with 
trigonometric rational approximations to periodic functions. 

Data-driven rational approximation 
for signal reconstruction

Regularized 

Prony’s method

The AAA 
algorithm

(time domain)(Fourier domain)

• Data-driven: no tuning parameters
• “Near-optimal” rational approximations

• Basic tools: algebraic operations (sums, products), 
differentiation, integration, filtering, rootfinding, 
polefinding, visualization, etc.

• Works with noisy, under-resolved, missing data.



f is periodic, real-valued, continuous on [0, 1),
R 1
0 f(✓)d✓ = 0.

<latexit sha1_base64="0rkH1o3bC1CAsKFMLq4tCV6/5YQ="></latexit>

Trigonometric rational functions

We seek rm ⇡ f , where

<latexit sha1_base64="8LN7gUZVWbJpcyaGSy573F2HzWw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBlvBhZSkKLosunFZwT6gDWEyvWmHTpJhZqKW0J0bf8WNC0Xc+gvu/Bunj4VWD1w4nHMv994TCM6UdpwvK7ewuLS8kl8trK1vbG7Z2zsNlaSSQp0mPJGtgCjgLIa6ZppDS0ggUcChGQwux37zFqRiSXyjhwK8iPRiFjJKtJF8e78JWAEMcEn6Ee4QIWRyj8PSMb7rgwTfLjplZwL8l7gzUkQz1Hz7s9NNaBpBrCknSrVdR2gvI1IzymFU6KQKBKED0oO2oTGJQHnZ5I8RPjRKF4eJNBVrPFF/TmQkUmoYBaYzIrqv5r2x+J/XTnV47mUsFqmGmE4XhSnHOsHjUHCXSaCaDw0hVDJzK6Z9IgnVJrqCCcGdf/kvaVTK7kn59LpSrF7M4sijPXSAjpCLzlAVXaEaqiOKHtATekGv1qP1bL1Z79PWnDWb2UW/YH18A9vhmAo=</latexit>

rm(x) =
pm�1(x)

qm(x)
=

Pm�1
j=�(m�1) aje

2⇡ijx

Pm
j=�m bje2⇡ijx

, x 2 [0, 1).

<latexit sha1_base64="NrkbLXySzs7q1uOfuFuqX9qOLRc="></latexit>

rm has 2m simple poles, {⌘j , ⌘j}mj=1,

<latexit sha1_base64="OcBTRJKP90UwZ5c5jpTUuQUuD8I="></latexit>

0  Re(⌘j) < 1.

<latexit sha1_base64="+R47eeYCcl+XnaUF4xTc+iV2jjM=">AAACA3icbVDLSsNAFJ3UV42vqDvdDLZC3ZSkKLpwUXTjsop9QBPKZHrTjp08nJkIJRTc+CtuXCji1p9w59+YtF1o64ELh3Pu5d573IgzqUzzW8stLC4tr+RX9bX1jc0tY3unIcNYUKjTkIei5RIJnAVQV0xxaEUCiO9yaLqDy8xvPoCQLAxu1TACxye9gHmMEpVKHWNPL5rY5nCPb6BkgyKduyN8jq1iWe8YBbNsjoHniTUlBTRFrWN82d2Qxj4EinIiZdsyI+UkRChGOYx0O5YQETogPWinNCA+SCcZ/zDCh6nSxV4o0goUHqu/JxLiSzn03bTTJ6ovZ71M/M9rx8o7cxIWRLGCgE4WeTHHKsRZILjLBFDFhykhVLD0Vkz7RBCq0tiyEKzZl+dJo1K2jssn15VC9WIaRx7towNUQhY6RVV0hWqojih6RM/oFb1pT9qL9q59TFpz2nRmF/2B9vkDvRSUYQ==</latexit>



Trigonometric rational functions

in Fourier space

[ Adamjan, Arov, and Krein (1971), Beylkin and Monzón (2005, 2009), Pototskaia and Plonka (2016), 

Potts and Tasche (2010) ]

Key observation: The Fourier series of rm can be e�ciently represented

<latexit sha1_base64="5LNtQOTESLEjyYxhEJxwxSBVkmM=">AAACI3icbVDLSgMxFM3UV62vUZdugq3gqswURXFVFMRlhb6gHUomc6cNzWSGJCOUof/ixl9x40Ipblz4L6aPhbZeCDmce89NzvETzpR2nC8rt7a+sbmV3y7s7O7tH9iHR00Vp5JCg8Y8lm2fKOBMQEMzzaGdSCCRz6HlD++m/dYTSMViUdejBLyI9AULGSXaUD37pj4AfG+2MZBYgbkUjkNckr2ohCkR2AcMoZlnIDQfYQlmvTIYgp5ddMrOrPAqcBegiBZV69mTbhDTNDJqyolSHddJtJcRqRnlMC50UwUJoUPSh46BgkSgvGzmcYzPDBPgMJbmCI1n7G9FRiKlRpFvJiOiB2q5NyX/63VSHV57GRNJqkHQ+UNhyrGO8TQwHDAJdGo9YIRKZv6K6YBIQrWJtWBCcJctr4JmpexelC8fK8Xq7SKOPDpBp+gcuegKVdEDqqEGougZvaJ39GG9WG/WxPqcj+asheYY/Snr+wclDKQE</latexit>

by a short sum of complex, decreasing exponentials.

<latexit sha1_base64="EugC/9J6B9apvShbkBTrUCEpWcs=">AAACHXicbVC7SgNBFJ31GeMramkzGAQLCbshomXQxjKCeUASwuzkbjJkHsvMrCQs+REbf8XGQhELG/FvnDwKTTwwcDjnPuaeMObMWN//9lZW19Y3NjNb2e2d3b393MFhzahEU6hSxZVuhMQAZxKqllkOjVgDESGHeji4mfj1B9CGKXlvRzG0BelJFjFKrJM6uVI4wgSbvtIWm0RgFWGqRMxheI67QN0ow2QPwzBWEqRlhJsC7uTyfsGfAi+TYE7yaI5KJ/fZ6iqaCDeBcmJMM/Bj206JtoxyGGdbiYGY0AHpQdNRSQSYdjq9boxPndLFkdLuSYun6u+OlAhjRiJ0lYLYvln0JuJ/XjOx0VU7ZTJOLEg6WxQlHFuFJ1HhLtNALR85Qqhm7q+Y9okm1LpAsy6EYPHkZVIrFoJS4eKumC9fz+PIoGN0gs5QgC5RGd2iCqoiih7RM3pFb96T9+K9ex+z0hVv3nOE/sD7+gHkOKHQ</latexit>

If

<latexit sha1_base64="Vvg18KiQ4oXlQw1ro9SmmVC3iK0=">AAAB7HicbVBNS8NAEJ2tXzV+VT16WSyCp5IURY9FL3qrYNpCG8pmu2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjuNyqtrW9sbpW3nZ3dvf2DyuFRSyeZosyniUhUJySaCS6Zb7gRrJMqRuJQsHY4vp357SemNE/ko5mkLIjJUPKIU2Ks5DvOfYT7lapbc+fAq8QrSBUKNPuVr94goVnMpKGCaN313NQEOVGGU8GmTi/TLCV0TIasa6kkMdNBPj92is+sMsBRomxJg+fq74mcxFpP4tB2xsSM9LI3E//zupmJroOcyzQzTNLFoigT2CR49jkecMWoERNLCFXc3orpiChCjc3HsSF4yy+vkla95l3ULh/q1cZNEUcZTuAUzsGDK2jAHTTBBwocnuEV3pBEL+gdfSxaS6iYOYY/QJ8/H1WNlQ==</latexit>

rm(x) =
1X

k=�1
(r̂m)ke

2⇡ikx,

<latexit sha1_base64="G0ZUAZmgKVf8p1NBDJnXrNiJdzk="></latexit>

then for k � 0,

<latexit sha1_base64="/9h0iH9RlznZtNFA+uaRxEeYpog=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKLqQkRdFl0Y3LCvYBbSiT6U07dDKJMxOhhIK/4saFIm79Dnf+jdM0C62e1eGce7nnHj/mTGnH+bIKS8srq2vF9dLG5tb2jr2711JRIik0acQj2fGJAs4ENDXTHDqxBBL6HNr++Hrmtx9AKhaJOz2JwQvJULCAUaKN1LcPSnoEAgeRxJUx7g3hHjuV075ddqpOBvyXuDkpoxyNvv3ZG0Q0CUFoyolSXdeJtZcSqRnlMC31EgUxoWMyhK6hgoSgvDSLP8XHRhlkEYJIaJypPzdSEio1CX0zGRI9UoveTPzP6yY6uPRSJuJEg6DzQ0HCsY7wrAs8YBKo5hNDCJXMZMV0RCSh2jRWMiW4iy//Ja1a1T2rnt/WyvWrvI4iOkRH6AS56ALV0Q1qoCaiKEVP6AW9Wo/Ws/Vmvc9HC1a+s49+wfr4BiVBk6s=</latexit>

(r̂m)k = Rm(k) :=
mX

j=1

!je
�jk,

<latexit sha1_base64="AM8MyQI1xhmEsNKboOfKSNRyl9c="></latexit>

where �j = 2⇡i⌘j , Re(⌘j) > 0.

<latexit sha1_base64="IHD8Ap9p2cxH4tw3iiv2BFXi8F8=">AAACH3icbVDLSgMxFM3U9/iqunRzsRUqSJkpvjaK6MZlFfuATimZ9LaNZh4kGaUU/8SNv+LGhSLirn9j+lho64HAyTn3kNzjx4Ir7Th9KzUzOze/sLhkL6+srq2nNzbLKkokwxKLRCSrPlUoeIglzbXAaiyRBr7Ain9/OfArDygVj8Jb3Y2xHtB2yFucUW2kRvrIfuygRMh6woSatHEHp1AAL+bAwUNthOw+ZG8wN7rswRk4+WwjnXHyzhAwTdwxyZAxio30t9eMWBJgqJmgStVcJ9b1HpWaM4FPtpcojCm7p22sGRrSAFW9N9zvCXaN0oRWJM0JNQzV34keDZTqBr6ZDKjuqElvIP7n1RLdOqn3eBgnGkM2eqiVCNARDMqCJpfItOgaQpnk5q/AOlRSpk2ltinBnVx5mpQLefcgf3hdyJxfjOtYJNtkh+SIS47JObkiRVIijDyTV/JOPqwX6836tL5GoylrnNkif2D1fwBPBZ7D</latexit>

rm ⇡ f can be constructed by solving the approximate interpolation

<latexit sha1_base64="lK8R7gID6VV/J1m/Ltg+T2XAXrU="></latexit>

problem |f̂k �Rm(k)|  ✏kfk, for 0  k  N✏.

<latexit sha1_base64="NViqTGKWjnOeR3PJxaA5lnmdUQE="></latexit>

(Regularized Prony’s method)

<latexit sha1_base64="w5JtnMzTYV7f4SKLwabqKpVl70U=">AAACB3icbVDLSgNBEJz1GddX1KMgg0GMl7AbFD0GvXiMYh6QLGF2tpMMmZ1ZZmaFGHLz4q948aCIV3/Bm3/j5HHQxIKGoqqb7q4w4Uwbz/t2FhaXlldWM2vu+sbm1nZ2Z7eqZaooVKjkUtVDooEzARXDDId6ooDEIYda2Lsa+bV7UJpJcWf6CQQx6QjWZpQYK7WyB27+FjopJ4o9QITLSor+scYxmK6MTnArm/MK3hh4nvhTkkNTlFvZr2YkaRqDMJQTrRu+l5hgQJRhlMPQbaYaEkJ7pAMNSwWJQQeD8R9DfGSVCLelsiUMHqu/JwYk1rofh7YzJqarZ72R+J/XSE37IhgwkaQGBJ0saqccG4lHoeCIKaCG9y0hVDF7K6Zdogg1NjrXhuDPvjxPqsWCf1o4uynmSpfTODJoHx2iPPLROSqha1RGFUTRI3pGr+jNeXJenHfnY9K64Exn9tAfOJ8/QI2YSQ==</latexit>

.

<latexit sha1_base64="ztoleiLj7PP5CVNxKkGxZOkDwLw=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0iKoseiF49V7Ae0oWy2m3bpZjfsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8KOVMG9//dkpr6xubW+Vtd2d3b/+gcnjU0jJThDaJ5FJ1IqwpZ4I2DTOcdlJFcRJx2o7GtzO//USVZlI8mklKwwQPBYsZwcZKD67Xr1R9z58DrZKgIFUo0OhXvnoDSbKECkM41rob+KkJc6wMI5xO3V6maYrJGA9p11KBE6rDfH7pFJ1ZZYBiqWwJg+bq74kcJ1pPksh2JtiM9LI3E//zupmJr8OciTQzVJDFojjjyEg0exsNmKLE8IklmChmb0VkhBUmxobj2hCC5ZdXSavmBRfe5X2tWr8p4ijDCZzCOQRwBXW4gwY0gUAMz/AKb87YeXHenY9Fa8kpZo7hD5zPH6wfjMw=</latexit>

(Gaspard de Prony)

The parameters of Rm can be exactly recovered by observing

<latexit sha1_base64="JYO6lHWsWUdooISdcscWdCGq53I="></latexit>

(r̂m)0, · · · , (r̂m)2m

<latexit sha1_base64="TilCk+eAo45QWrHwafBjDFwamDY=">AAACFXicbVDLSgNBEJyNr7i+oh69DCZChBB2g6LHoBePEcwDsmGZnUySITO7y0yvEJb8hBd/xYsHRbwK3vwbJ4+DSSxoKKq66e4KYsE1OM6PlVlb39jcym7bO7t7+we5w6OGjhJFWZ1GIlKtgGgmeMjqwEGwVqwYkYFgzWB4O/Gbj0xpHoUPMIpZR5J+yHucEjCSnyvZBVz0BgRSNfblue+UsEe7EejSgpxW5BgX/FzeKTtT4FXizkkezVHzc99eN6KJZCFQQbRuu04MnZQo4FSwse0lmsWEDkmftQ0NiWS6k06/GuMzo3RxL1KmQsBT9e9ESqTWIxmYTklgoJe9ifif106gd91JeRgnwEI6W9RLBIYITyLCXa4YBTEyhFDFza2YDogiFEyQtgnBXX55lTQqZfeifHlfyVdv5nFk0Qk6RUXkoitURXeohuqIoif0gt7Qu/VsvVof1uesNWPNZ47RAqyvX+iDnNE=</latexit>

(Prony’s method)

<latexit sha1_base64="VhY2D5iOQncvR2E3f7n3+i0958s=">AAAB+3icbVDLSsNAFJ3UV42vWJduBotYNyUpii6LblxWsA9oQ5lMJu3QyUyYmYgh9FfcuFDErT/izr9x2mahrQcuHM65l3vvCRJGlXbdb6u0tr6xuVXetnd29/YPnMNKR4lUYtLGggnZC5AijHLS1lQz0kskQXHASDeY3M787iORigr+oLOE+DEacRpRjLSRhk7FhrWWFDw7UzAmeizC86FTdevuHHCVeAWpggKtofM1CAVOY8I1Zkipvucm2s+R1BQzMrUHqSIJwhM0In1DOYqJ8vP57VN4apQQRkKa4hrO1d8TOYqVyuLAdMZIj9WyNxP/8/qpjq79nPIk1YTjxaIoZVALOAsChlQSrFlmCMKSmlshHiOJsDZx2SYEb/nlVdJp1L2L+uV9o9q8KeIog2NwAmrAA1egCe5AC7QBBk/gGbyCN2tqvVjv1seitWQVM0fgD6zPHxf/kzM=</latexit>



Advantage for reconstruction: Filter for Gaussian noise

6001 noisy samples from a hydrophone

<latexit sha1_base64="Vv+I3MlpX8xoaWp46pzRK/HZ0fc=">AAACD3icbVDJSgNBEO1xjXGLevTSmCiewkxwOwa9eIxgFkhC6OnUJE16Gbp7hCHkD7z4K148KOLVqzf/xs5y0MQHBY/3qqiqF8acGev7397S8srq2npmI7u5tb2zm9vbrxmVaApVqrjSjZAY4ExC1TLLoRFrICLkUA8HN2O//gDaMCXvbRpDW5CeZBGjxDqpkzspXPh+UMBSMZNiQ0TMweBIK4EJ7qddreK+ktDJ5f2iPwFeJMGM5NEMlU7uq9VVNBEgLeXEmGbgx7Y9JNoyymGUbSUGYkIHpAdNRyURYNrDyT8jfOyULo6UdiUtnqi/J4ZEGJOK0HUKYvtm3huL/3nNxEZX7SGTcWJB0umiKOHYKjwOB3eZBmp56gihmrlbMe0TTah1EWZdCMH8y4ukVioGZ8Xzu1K+fD2LI4MO0RE6RQG6RGV0iyqoiih6RM/oFb15T96L9+59TFuXvNnMAfoD7/MH2aGbWA==</latexit>

type (245, 246) trigonometric rational

<latexit sha1_base64="jLCqMBi3OjPbqBpVQwsiZcWh+lU=">AAACEXicbVDLSgMxFM3UV62vUZdugq1QQcrM0KrLohuXFewD2qFk0kwbmkmGJCOUob/gxl9x40IRt+7c+Tem0y60eiBwOOdcbu4JYkaVdpwvK7eyura+kd8sbG3v7O7Z+wctJRKJSRMLJmQnQIowyklTU81IJ5YERQEj7WB8PfPb90QqKvidnsTEj9CQ05BipI3Ut8szEZbKXrV2Br3q+WkJakmHgouIGIKhzIKI9e2iU3EywL/EXZAiWKDRtz97A4GTiHCNGVKq6zqx9lMkNcWMTAu9RJEY4TEakq6hHEVE+Wl20RSeGGUAQyHN4xpm6s+JFEVKTaLAJCOkR2rZm4n/ed1Eh5d+SnmcaMLxfFGYMKgFzJoYUEmwZhNDEJbU/BXiEZIIa1NiwZTgLp/8l7S8ilut1G69Yv1qUUceHIFjUAYuuAB1cAMaoAkweABP4AW8Wo/Ws/Vmvc+jOWsxcwh+wfr4Bhnpm18=</latexit>

Example: Extracting pulses in the Pacific Blue whale’s song.

<latexit sha1_base64="UYLokwbcer6H/S+B9AwGnPCiA5I="></latexit>

Automatic construction in the presence of noise.

<latexit sha1_base64="/6KFTIeKeZdxZP1OyiszbHvQ5OI=">AAACGnicbVC7SgNBFJ2NrxhfUUubwSBYLbtB0TJqYxnBPCBZwuzkbjJkdmaZhxBCvsPGX7GxUMRObPwbJ49CEy8MnDnnPjgnzjjTJgi+vdzK6tr6Rn6zsLW9s7tX3D+oa2kVhRqVXKpmTDRwJqBmmOHQzBSQNObQiAc3E73xAEozKe7NMIMoJT3BEkaJcVSnGF5ZI1P3oZhKoY2ydCJgJrDpA3a7NAgKWCZYSKbBx51iKfCDaeFlEM5BCc2r2il+truS2hSEoZxo3QqDzEQjotxRDuNC22rICB2QHrQcFCQFHY2m1sb4xDFdnEjlnjB4yv6eGJFU62Eau07noq8XtQn5n9ayJrmMRkxk1jiDs0OJ5dhIPMkJd5kCavjQAUIVmwbUJ4pQ49IsuBDCRcvLoF72wzP//K5cqlzP48ijI3SMTlGILlAF3aIqqiGKHtEzekVv3pP34r17H7PWnDefOUR/yvv6ARPzoNs=</latexit>

Automatic denoising parameter detection.

<latexit sha1_base64="Umsp/dNSo7VlC6+Rs9BRovtazQA=">AAACEnicbVDLSgMxFM34rOOr6tJNsAi6GWaKosuqG5cV7APaUjKZ2zY0kwxJRihDv8GNv+LGhSJuXbnzb8y0XWjrgcC5597LzTlhwpk2vv/tLC2vrK6tFzbcza3tnd3i3n5dy1RRqFHJpWqGRANnAmqGGQ7NRAGJQw6NcHiT9xsPoDST4t6MEujEpC9Yj1FirNQtnrpXqZGxrSiOQEimmejjhCgSgwFlNQM0H/W6xZLv+RPgRRLMSAnNUO0Wv9qRpGkMwlBOtG4FfmI6GVH2Foex2041JIQOSR9algp7UXeyiaUxPrZKhHtS2ScMnqi/NzISaz2KQztpPz/Q871c/K/XSk3vspMxkaQGBJ0e6qUcG4nzfHDElDXMR5YQqlieCx3YOKhNQ7s2hGDe8iKpl73gzDu/K5cq17M4CugQHaETFKALVEG3qIpqiKJH9Ixe0Zvz5Lw4787HdHTJme0coD9wPn8AJg6dyg==</latexit>

[Peter & Plonka (2013), Potts & Tasche (2013), M. Vetterli, P. Marziliano, & T. Blu (2002)]

Exponential sum format



“This formulation allows us to develop a numerical calculus that 
includes functions with singularities and sharp transitions…”

Exponential sums and the 
regularized Prony’s method

-Haut, Beylkin, Monzón (2012)

Advantage for postprocessing: Efficient recompression

In practice, we can usually find a stable solution

<latexit sha1_base64="UJEWz3GWI+W8OazjNH1apkfZdng="></latexit>

in only O((n+ `)3) operations!

<latexit sha1_base64="3XRQssBGEcU7K1LDPZqN6yfInV0="></latexit>

+

<latexit sha1_base64="3DnS3vImeIO9jz1IyYjxDR65oEU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5XyVb1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3QdjLc=</latexit>

s`

<latexit sha1_base64="D3KuonFCl1w2d6W5WtBIDDYRD9M="></latexit>

⇡ rm

<latexit sha1_base64="R6E6PNptToDQEob2wJocCsWZzpA="></latexit>

vn

<latexit sha1_base64="IUVuMa8mdwdzPCn2f0+dwahfqa8="></latexit>

gn+`

<latexit sha1_base64="eiNPfKtIiQ0xI4/fwwb/U5f/JEg="></latexit>

=

<latexit sha1_base64="Kw7vTtvRl/ykINDfaGZmeMc2Zso=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9ECuSa9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3rn1Yv780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz86u40d</latexit>

mX

j=1

!je
�jk

<latexit sha1_base64="dxdjmmHQWB/OMLSB5KOCtGkGkY4=">AAACEnicbZDLSgMxFIYzXmu9jbp0EyyCbsqMVHQjFN24rGAv0GmHTHrapk1mhiQjlGGewY2v4saFIm5dufNtTC8Lbf0h8PGfc5KcP4g5U9pxvq2l5ZXVtfXcRn5za3tn197br6kokRSqNOKRbAREAWchVDXTHBqxBCICDvVgeDOu1x9AKhaF93oUQ0uQXsi6jBJtLN8+9VQi/HSAr7CbtVORYS8S0CP+ANqpx81FHcN4mGHfLjhFZyK8CO4MCmimim9/eZ2IJgJCTTlRquk6sW6lRGpGOWR5L1EQEzokPWgaDIkA1UonK2X42Dgd3I2kOaHGE/f3REqEUiMRmE5BdF/N18bmf7VmoruXrZSFcaIhpNOHugnHOsLjfHCHSaCajwwQKpn5K6Z9IgnVJsW8CcGdX3kRamdFt1Q8vysVytezOHLoEB2hE+SiC1RGt6iCqoiiR/SMXtGb9WS9WO/Wx7R1yZrNHKA/sj5/AJDAnWo=</latexit>

+

<latexit sha1_base64="3DnS3vImeIO9jz1IyYjxDR65oEU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5XyVb1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3QdjLc=</latexit>

nX

j=1

!̂je
�̂jk

<latexit sha1_base64="MaonEfMsvjHy4fiNZSq/nWWZ3NU=">AAACH3icbZDLSgMxFIYz3q23qks3wSK4KjPibSOIblxWsFroTIdM5rSNTTJDkhHKMG/ixldx40IRcde3MZ124e2HwM93zkly/ijlTBvXHTkzs3PzC4tLy5WV1bX1jerm1q1OMkWhSROeqFZENHAmoWmY4dBKFRARcbiLBpfj+t0DKM0SeWOGKQSC9CTrMkqMRWH1GPs6E2F+j8+wV3RyWWC/T0zuJwJ6pAjvMXTyCeH21rhEgyKs1ty6Wwr/Nd7U1NBUjbD66ccJzQRIQznRuu25qQlyogyjHIqKn2lICR2QHrStlUSADvJyvwLvWRLjbqLskQaX9PtEToTWQxHZTkFMX/+ujeF/tXZmuqdBzmSaGZB08lA349gkeBwWjpkCavjQGkIVs3/FtE8UocZGWrEheL9X/mtuD+reYf3o+rB2fjGNYwntoF20jzx0gs7RFWqgJqLoET2jV/TmPDkvzrvzMWmdcaYz2+iHnNEXTYGjLw==</latexit>

X̀

j=1

!̃je
�̃jk

<latexit sha1_base64="6rtDdE0VFk/AfiTaSBeg6DeNvdc=">AAACJnicbZBPS8MwGMZT/875r+rRS3AInkYril4GQy8eFZwKay1p+m7LlrQlSYVR+mm8+FW8eFBEvPlRzGoPuvlC4OH3vG+S9wlTzpR2nE9rbn5hcWm5tlJfXVvf2LS3tm9UkkkKHZrwRN6FRAFnMXQ00xzuUglEhBxuw9H5xL99AKlYEl/rcQq+IP2Y9Rgl2qDAbmFPZSLIh7iF3eI+94DzAnua8QhyLxHQJ0UwxGCcinFzeVTCURHYDafplIVnhVuJBqrqMrBfvSihmYBYU06U6rpOqv2cSM0oh6LuZQpSQkekD10jYyJA+Xm5ZoH3DYlwL5HmxBqX9PdEToRSYxGaTkH0QE17E/if181079TPWZxmGmL681Av41gneJIZjpgEqvnYCEIlM3/FdEAkodokWzchuNMrz4qbw6Z71Dy+Omq0z6o4amgX7aED5KIT1EYX6BJ1EEWP6Bm9ojfryXqx3q2Pn9Y5q5rZQX/K+voGN82mSg==</latexit>

⇡

<latexit sha1_base64="SRWvNz75D1yL3QwbjEKbvp2ANO8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVih6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDWrVy/tapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5X6j74=</latexit>

F�1(vn) + F�1(s`)

<latexit sha1_base64="x67N5brTtlPpyZX8R+itPksImHc="></latexit>

=

<latexit sha1_base64="Kw7vTtvRl/ykINDfaGZmeMc2Zso=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9ECuSa9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3rn1Yv780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz86u40d</latexit>

In theory, optimal “reduction” algorithms based on finite–rank Hankel

<latexit sha1_base64="tDGHUvh2hFMLl0C2I8YlHSu7cUE="></latexit>

operator properties.

<latexit sha1_base64="11KEKYwCCO70wh5Z1dcLtlubeBU=">AAAB/XicbVC7TsMwFHXKq5RXeGwsFhUSU5RUIBgrWBiLRB9SG1WOe9NadeLIdpBKVPErLAwgxMp/sPE3OG0GaDnT0Tn3+h6fIOFMadf9tkorq2vrG+XNytb2zu6evX/QUiKVFJpUcCE7AVHAWQxNzTSHTiKBRAGHdjC+yf32A0jFRHyvJwn4ERnGLGSUaCP17SORgCRaSJzInGoGyunbVddxZ8DLxCtIFRVo9O2v3kDQNIJYU06U6npuov2MmOcoh2mllypICB2TIXQNjUkEys9m6af41CgDHJoIoYg1nqm/NzISKTWJAjMZET1Si14u/ud1Ux1e+RmLk1RDTOeHwpRjLXBeBR4wCVTziSGESmayYjoiklBtCquYErzFLy+TVs3xzp2Lu1q1fl3UUUbH6ASdIQ9dojq6RQ3URBQ9omf0it6sJ+vFerc+5qMlq9g5RH9gff4A4n6VgA==</latexit>

Fast evaluation (on the grid) for derivatives and indefinite integrals.

<latexit sha1_base64="UFer2R3jLVpd6hkde+A0pYmW7Fk="></latexit>

Works for products, sums, convolutions, derivatives.

<latexit sha1_base64="ZxbvnHYbe+dbn7lx4CoNetUlQ2U=">AAACHnicbVC7SgNBFJ2NrxhfUUubwSBYSNgNBi2DNpYRzAOSEGZn7yZDZmeWeQRCyJfY+Cs2FooIVvo3Th6FJp5iOHPuPdx7T5hypo3vf3uZtfWNza3sdm5nd2//IH94VNfSKgo1KrlUzZBo4ExAzTDDoZkqIEnIoREObqf1xhCUZlI8mFEKnYT0BIsZJcZJ3Xy5IdVA41gqnCoZWWr0BdY2cS+VYii5nfa5XwSKDZ1pCLqIu/mCX/RnwKskWJACWqDazX+2I0ltAsJQTrRuBX5qOmOiDKMcJrm21ZASOiA9aDkqSAK6M56dN8FnTolmK8ZSGDxTfzvGJNF6lISuMyGmr5drU/G/Wsua+LozZiK1BgSdD4otx0biaVY4Ygqo4SNHCFXM7YppnyhCjUs050IIlk9eJfVSMbgslu9LhcrNIo4sOkGn6BwF6ApV0B2qohqi6BE9o1f05j15L9679zFvzXgLzzH6A+/rB2gloqc=</latexit>

More advantages:

[ Adamjan, Arov, and Krein (1971), Beylkin and Monzon (2005), Haut, Beylkin and Monzón (2012) 

Pototskaia and Plonka (2016) ]

Exponential sum format



• rm is a type (m� 1,m) trigonometric rational.

<latexit sha1_base64="4pbKwd6nfP/7iauaIEKsgAv6P/I="></latexit>

• numerically stable evaluation for x 2 [0, 1).

<latexit sha1_base64="XPfcj7H9Va7VrIq7BaYBtgd6BOU="></latexit>

Key properties

<latexit sha1_base64="xS8rsLFJL2rkJLw132mwyJbwHfE=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KjNF0WXRjeCmgn1AO5RM5k4bmskMSUYYhoIbf8WNC0Xc+hPu/BvTdhbaeiBwOOeeJPf4CWdKO863tbS8srq2Xtoob25t7+zae/stFaeSQpPGPJYdnyjgTEBTM82hk0ggkc+h7Y+uJ377AaRisbjXWQJeRAaChYwSbaS+fdhLRQByEs9vIcOJjBOQmoEa9+2KU3WmwIvELUgFFWj07a9eENM0AqEpJ0p1XSfRXk7MdZTDuNxLFSSEjsgAuoYKEoHy8ukOY3xilACHsTRHaDxVfydyEimVRb6ZjIgeqnlvIv7ndVMdXno5E0mqQdDZQ2HKsY7xpBAcMAlU88wQQiUzf8V0SCSh2tRWNiW48ysvklat6p5Vz+9qlfpVUUcJHaFjdIpcdIHq6AY1UBNR9Iie0St6s56sF+vd+piNLllF5gD9gfX5A//MmGU=</latexit>

• interpolates f at tj : rt,�m (tj) = fj .

<latexit sha1_base64="zZVbceS0umVBTTDGabYYovx7B+0="></latexit>

(J.P. Berrut)(P. Henrici)

[ Berrut (2005) , Berrut and Trefethen (2004), Henrici (1979), Higham (2004), Austin and Xu (2017),

Nakatsukasa, Trefethen, & Sète (2018), Antoulas & Anderson (1986), Berrut (2005), Badoo(2021) ]

rt,�m (x) =
nm�1(x)

dm(x)
=

P2m
j=1 �jfj cot (⇡(x� tj))

P2m
j=1 �j cot (⇡(x� tj))

,
2mX

j=1

�jfj = 0

<latexit sha1_base64="zLZm2GZeawrFIORVwMPkW5xHKeo="></latexit>

Trigonometric barycentric 
rational functions

Key Idea:  greedily build up an interpolant, one point at a time, choose weights 
via linearized least squares fit to data. 

(O. Sète)(L.N. Trefethen)(Y. Nakatsukasa)Construct via the PronyAAA algorithm



Advantage for reconstruction: Imputes missing data

AAA does not require equally-spaced or other grid-based sampling schemes.

<latexit sha1_base64="LTg0+VPZUKJUg90rk/K6Cz/f2bQ="></latexit>

x

<latexit sha1_base64="MkfWr9QPQRk+LqoeNw3btBd/SNU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTui0ZJoY4lRkAQuZG/Zgw17e5fdOSMh/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7eyura+kd8sbG3v7O4V9w+aJk414w0Wy1i3Amq4FIo3UKDkrURzGgWSPwTD66n/8Mi1EbG6x1HC/Yj2lQgFo2ilu/JTuVssuRV3BrJMvIyUIEO9W/zq9GKWRlwhk9SYtucm6I+pRsEknxQ6qeEJZUPa521LFY248cezUyfkxCo9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz0x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5NmteKdVc5vq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmSOfFeXc+5q05J5s5hD9wPn8An+qNXg==</latexit>

er
ro
r

<latexit sha1_base64="uqW+g6LbWABx3680x077wz3s4TE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZV8VCpR/UrVrblzkFXiFaQKBZr9yldvkLAsRmmYoFp3PTc1QU6V4UzgtNzLNKaUjekQu5ZKGqMO8vmxU3JulQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif181MdBPkXKaZQckWi6JMEJOQ2edkwBUyIyaWUKa4vZWwEVWUGZtP2YbgLb+8Slr1mndZu3qoVxu3RRwlOIUzuAAPrqEB99AEHxhweIZXeHOk8+K8Ox+L1jWnmDmBP3A+fwASDo7c</latexit>

x

<latexit sha1_base64="MkfWr9QPQRk+LqoeNw3btBd/SNU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTui0ZJoY4lRkAQuZG/Zgw17e5fdOSMh/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7eyura+kd8sbG3v7O4V9w+aJk414w0Wy1i3Amq4FIo3UKDkrURzGgWSPwTD66n/8Mi1EbG6x1HC/Yj2lQgFo2ilu/JTuVssuRV3BrJMvIyUIEO9W/zq9GKWRlwhk9SYtucm6I+pRsEknxQ6qeEJZUPa521LFY248cezUyfkxCo9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz0x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5NmteKdVc5vq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmSOfFeXc+5q05J5s5hD9wPn8An+qNXg==</latexit>

PronyAAA algorithm



Exponential sums Barycentric form
Robustness to noise Imputing missing data

Filtering and recompression Di↵erentiation (closed-form formula)
Pole symmetry preservation Stable evaluation
convolution, cross-correlations Rootfinding, identifying extrema

<latexit sha1_base64="rZfeArAVJdJasuNYtRBHeNwaCqs="></latexit>

rt,�m (x) =

P2m
j=1 �jfj cot (⇡(x� tj))

P2m
j=1 �j cot (⇡(x� tj))

<latexit sha1_base64="HcKpf73fl9CROxtkpAZIXY1t1wA="></latexit>

Rm(k) =
mX

j=1

!je
�jk

<latexit sha1_base64="ralH96vz/qKrfw1uDTv8iIWht24=">AAACG3icbVC7TsMwFHXKu7wKjCwWFVJZqqQCwYKEYGEERFukJo0c97Z1ayeR7SBVUf6DhV9hYQAhJiQG/ganZOB1JEvH59x77XuCmDOlbfvDKs3Mzs0vLC6Vl1dW19YrG5stFSWSQpNGPJI3AVHAWQhNzTSHm1gCEQGHdjA+y/32LUjFovBaT2LwBBmErM8o0UbyK40rX9TGe/gYuyoRfjoyzMm6qciwGwkYEH+EoZu63Izs5Zdx5leqdt2eAv8lTkGqqMCFX3lzexFNBISacqJUx7Fj7aVEakY5ZGU3URATOiYD6BgaEgHKS6e7ZXjXKD3cj6Q5ocZT9XtHSoRSExGYSkH0UP32cvE/r5Po/pGXsjBONIT066F+wrGOcB4U7jEJVPOJIYRKZv6K6ZBIQrWJs2xCcH6v/Je0GnVnv35wuV89OS3iWETbaAfVkIMO0Qk6RxeoiSi6Qw/oCT1b99aj9WK9fpWWrKJnC/2A9f4J1ECgGw==</latexit>

REfit: barycentric + exponential



f
(x
)

<latexit sha1_base64="S+SHZLmR+ux5IcawXrlQuhvAQ1o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbZCvZTdouix6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPpg4PHeDDPzgpgzbVz3y8mtrK6tb+Q3C1vbO7t7xf2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvp757QeqNJPizkxi6kd4KFjICDZWapXDyuNpuV8suVV3DvSXeBkpQYZGv/jZG0iSRFQYwrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtFTii2k/n107RiVUGKJTKljBorv6cSHGk9SQKbGeEzUgvezPxP6+bmPDST5mIE0MFWSwKE46MRLPX0YApSgyfWIKJYvZWREZYYWJsQAUbgrf88l/SqlW9s+r5ba1Uv8riyMMRHEMFPLiAOtxAA5pA4B6e4AVeHek8O2/O+6I152Qzh/ALzsc3Jz+OMw==</latexit>

x

<latexit sha1_base64="WijmTw3Pw97vLvbdSD9iu1+oCBs=">AAAB63icbVBNSwMxEJ2tX7V+VT16CbaCp7JbFD0WvXisYD+gXUo2zbahSXZJsmJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv5nUeqNIvkg5nG1Bd4JFnICDaZVKo+VQfliltz50CrxMtJBXI0B+Wv/jAiiaDSEI617nlubPwUK8MIp7NSP9E0xmSCR7RnqcSCaj+d3zpDZ1YZojBStqRBc/X3RIqF1lMR2E6BzVgve5n4n9dLTHjtp0zGiaGSLBaFCUcmQtnjaMgUJYZPLcFEMXsrImOsMDE2npINwVt+eZW06zXvonZ5X680bvI4inACp3AOHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kD1BiNcg==</latexit>

|f̂
k
|

<latexit sha1_base64="CWvNu1g7uzgSyf2mtYnmRI13b7I=">AAAB9XicbVDLTgJBEOz1ifhCPXqZCCaeyC7R6JHoxSMm8khgJbPDLEyYfWSmV0MW/sOLB43x6r94828cYA8KVtJJpao73V1eLIVG2/62VlbX1jc2c1v57Z3dvf3CwWFDR4livM4iGamWRzWXIuR1FCh5K1acBp7kTW94M/Wbj1xpEYX3OIq5G9B+KHzBKBrpoTQmnQHF1J90h+NSt1C0y/YMZJk4GSlChlq38NXpRSwJeIhMUq3bjh2jm1KFgkk+yXcSzWPKhrTP24aGNODaTWdXT8ipUXrEj5SpEMlM/T2R0kDrUeCZzoDiQC96U/E/r52gf+WmIowT5CGbL/ITSTAi0whITyjOUI4MoUwJcythA6ooQxNU3oTgLL68TBqVsnNevrirFKvXWRw5OIYTOAMHLqEKt1CDOjBQ8Ayv8GY9WS/Wu/Uxb12xspkj+APr8wf4x5It</latexit>

k

<latexit sha1_base64="reKJ7ZAbpFDr5uPfq6BRPJQQup4=">AAAB63icbVBNS8NAEJ3Urxq/qh69LLaCp5IURY9FLx4r2FpoQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZTW1jc2t8rb7s7u3v5B5fCoo+NUEdomMY9VN8SaciZp2zDDaTdRFIuQ08dwcpv7j09UaRbLBzNNaCDwSLKIEWxyya1NaoNK1at7c6BV4hekCgVag8pXfxiTVFBpCMda93wvMUGGlWGE05nbTzVNMJngEe1ZKrGgOsjmt87QmVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE10HGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNx7Uh+Msvr5JOo+5f1C/vG9XmTRFHGU7gFM7Bhytowh20oA0ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AwFeNZQ==</latexit>

(Time)(Fourier space)

F(rm)

<latexit sha1_base64="ONh6zuOfVCVPqAFypZonWgNySQo=">AAAB+3icbVDLSgMxFM3UV62vsS7dBFuhbspMUXRZFMRlBfuAdhgyadqGJpkhyYhlmF9x40IRt/6IO//GTDsLbT0QOJxzL/fkBBGjSjvOt1VYW9/Y3Cpul3Z29/YP7MNyR4WxxKSNQxbKXoAUYVSQtqaakV4kCeIBI91gepP53UciFQ3Fg55FxONoLOiIYqSN5Nvl6oAjPcGIJbdpTfr8rOrbFafuzAFXiZuTCsjR8u2vwTDEMSdCY4aU6rtOpL0ESU0xI2lpECsSITxFY9I3VCBOlJfMs6fw1ChDOAqleULDufp7I0FcqRkPzGQWVC17mfif14/16MpLqIhiTQReHBrFDOoQZkXAIZUEazYzBGFJTVaIJ0girE1dJVOCu/zlVdJp1N3z+sV9o9K8zusogmNwAmrABZegCe5AC7QBBk/gGbyCNyu1Xqx362MxWrDynSPwB9bnD+DHk7A=</latexit>

PronyAAA
rm

<latexit sha1_base64="pt0i3vsr/iuERElDVBrD7t7hCrI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHYJRo9ELx4xcYEENqRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZv7nSeqNIvlo5kmNBB4JFnECDZW8qtqIKqDcsWtuQugdeLlpAI5WoPyV38Yk1RQaQjHWvc8NzFBhpVhhNNZqZ9qmmAywSPas1RiQXWQLY6doQurDFEUK1vSoIX6eyLDQuupCG2nwGasV725+J/XS010E2RMJqmhkiwXRSlHJkbzz9GQKUoMn1qCiWL2VkTGWGFibD4lG4K3+vI6addrXqN29VCvNG/zOIpwBudwCR5cQxPuoQU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/ABhDjjg=</latexit>

Rm(k)

<latexit sha1_base64="j9Le6YFc76TOpfQmEzPnHcp4K4k=">AAAB7nicbVBNSwMxEJ2tX3X9qnr0EixCvZRdqeix6MVjFfsB7VKyabYNm2SXJCuU0h/hxYMiXv093vw3pu0etPXBwOO9GWbmhSln2njet1NYW9/Y3Cpuuzu7e/sHpcOjlk4yRWiTJDxRnRBrypmkTcMMp51UUSxCTtthfDvz209UaZbIRzNOaSDwULKIEWys1HYf+qISn/dLZa/qzYFWiZ+TMuRo9EtfvUFCMkGlIRxr3fW91AQTrAwjnE7dXqZpikmMh7RrqcSC6mAyP3eKzqwyQFGibEmD5urviQkWWo9FaDsFNiO97M3E/7xuZqLrYMJkmhkqyWJRlHFkEjT7HQ2YosTwsSWYKGZvRWSEFSbGJuTaEPzll1dJ66Lq16qX97Vy/SaPowgncAoV8OEK6nAHDWgCgRie4RXenNR5cd6dj0VrwclnjuEPnM8f83iOrA==</latexit>

REfit: barycentric + exponential
Problem:
How can I construct an exponential sum representation of rm ⇡ f?

<latexit sha1_base64="wlbg/cPXErc4SQ70k6g4xkiW8ik="></latexit>

Fourier coe�cients decay slowly, sample is underresolved...

<latexit sha1_base64="UdaAORWliNXbraA8axF3TZpUkb8=">AAACJnicbVDLSgMxFL3j2/qqunQTLIILGWZE0Y0gCuJSwdZCLSWTudOGZpIhyShD8Wvc+CtuXCgi7vwU08dCWw8EDufcR+6JMsGNDYIvb2p6ZnZufmGxtLS8srpWXt+oGZVrhlWmhNL1iBoUXGLVciuwnmmkaSTwNuqe9/3be9SGK3ljiwybKW1LnnBGrZNa5ZMLN4mjJkxh4mSO0hoSI6MFMUI9iGKPGJpmAgk3JJcxao1GiXuMfd9vlSuBHwxAJkk4IhUY4apVfruLFctTt4UJakwjDDLb7FFtORP4WLrLDWaUdWkbG45KmqJp9gZnPpIdp8QkUdo9aclA/d3Ro6kxRRq5ypTajhn3+uJ/XiO3yXGzx2WWW5RsuCjJBbGK9DMjMdfIrCgcoUxz91fCOlRTZl2yJRdCOH7yJKnt++GBf3i9Xzk9G8WxAFuwDbsQwhGcwiVcQRUYPMELvMG79+y9eh/e57B0yhv1bMIfeN8/uMKl5w==</latexit>



(Prony’s method alone)

<latexit sha1_base64="kF9VBjs9Sv6P5hq7Y3h8Not59bQ=">AAACAHicbVC7SgNBFJ2Nr7i+Vi0sbAaDGJuwGxQtgzaWEcwDkiXMzt4kQ2ZnlplZIYQ0/oqNhSK2foadf+PkUWjigQuHc+7l3nuilDNtfP/bya2srq1v5Dfdre2d3T1v/6CuZaYo1KjkUjUjooEzATXDDIdmqoAkEYdGNLid+I1HUJpJ8WCGKYQJ6QnWZZQYK3W8I7dYVVIMzzROwPRljAmXAs47XsEv+VPgZRLMSQHNUe14X+1Y0iwBYSgnWrcCPzXhiCjDKIex2840pIQOSA9algqSgA5H0wfG+NQqMe5KZUsYPFV/T4xIovUwiWxnQkxfL3oT8T+vlZnudThiIs0MCDpb1M04NhJP0sAxU0ANH1pCqGL2Vkz7RBFqbGauDSFYfHmZ1Mul4KJ0eV8uVG7mceTRMTpBRRSgK1RBd6iKaoiiMXpGr+jNeXJenHfnY9aac+Yzh+gPnM8fFruVdA==</latexit>

(PronyAAA + Fourier transform)

<latexit sha1_base64="J27BqRyUK+dSfcOUko3ZcgyFeD8=">AAACCHicbVDLSgMxFM3UVx1foy5dGCxCRSgzRdFlqyAuK9gHtEPJpJk2NJMMSUYYhi7d+CtuXCji1k9w59+YPhbaeiBwOOc+ck8QM6q0635buaXlldW1/Lq9sbm1vePs7jWUSCQmdSyYkK0AKcIoJ3VNNSOtWBIUBYw0g+H12G8+EKmo4Pc6jYkfoT6nIcVIG6nrHNrFmhQ8rVar8BTemLGUSKgl4ioUMjrpOgW35E4AF4k3IwUwQ63rfHV6AicR4RozpFTbc2PtZ0hqihkZ2Z1EkRjhIeqTtqEcRUT52eSQETw2Sg+axeZxDSfq744MRUqlUWAqI6QHat4bi/957USHl35GeZxowvF0UZgwqAUcpwJ7VBKsWWoIwpKav0I8QBJhbbKzTQje/MmLpFEueWel87tyoXI1iyMPDsARKAIPXIAKuAU1UAcYPIJn8ArerCfrxXq3PqalOWvWsw/+wPr8AXN0mGA=</latexit>

x

<latexit sha1_base64="WijmTw3Pw97vLvbdSD9iu1+oCBs=">AAAB63icbVBNSwMxEJ2tX7V+VT16CbaCp7JbFD0WvXisYD+gXUo2zbahSXZJsmJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv5nUeqNIvkg5nG1Bd4JFnICDaZVKo+VQfliltz50CrxMtJBXI0B+Wv/jAiiaDSEI617nlubPwUK8MIp7NSP9E0xmSCR7RnqcSCaj+d3zpDZ1YZojBStqRBc/X3RIqF1lMR2E6BzVgve5n4n9dLTHjtp0zGiaGSLBaFCUcmQtnjaMgUJYZPLcFEMXsrImOsMDE2npINwVt+eZW06zXvonZ5X680bvI4inACp3AOHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kD1BiNcg==</latexit>

er
ro
r

<latexit sha1_base64="o3YnugUuof5hT5QoTVAeT8yrgFU=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0mKoseiF48V7Ae0oWy2k3btJht2N0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreK2u7O7t39QOjxqapkphg0mhVTtkGoUPMGG4UZgO1VI41BgKxzdzvzWEyrNZfJgxikGMR0kPOKMGis1XVRKql6p7FW8Ocgq8XNShhz1Xumr25csizExTFCtO76XmmBCleFM4NTtZhpTykZ0gB1LExqjDibza6fkzCp9EkllKzFkrv6emNBY63Ec2s6YmqFe9mbif14nM9F1MOFJmhlM2GJRlAliJJm9TvpcITNibAllittbCRtSRZmxAbk2BH/55VXSrFb8i8rlfbVcu8njKMIJnMI5+HAFNbiDOjSAwSM8wyu8OdJ5cd6dj0VrwclnjuEPnM8fRlSO8A==</latexit>

k

<latexit sha1_base64="reKJ7ZAbpFDr5uPfq6BRPJQQup4=">AAAB63icbVBNS8NAEJ3Urxq/qh69LLaCp5IURY9FLx4r2FpoQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZTW1jc2t8rb7s7u3v5B5fCoo+NUEdomMY9VN8SaciZp2zDDaTdRFIuQ08dwcpv7j09UaRbLBzNNaCDwSLKIEWxyya1NaoNK1at7c6BV4hekCgVag8pXfxiTVFBpCMda93wvMUGGlWGE05nbTzVNMJngEe1ZKrGgOsjmt87QmVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE10HGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNx7Uh+Msvr5JOo+5f1C/vG9XmTRFHGU7gFM7Bhytowh20oA0ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AwFeNZQ==</latexit>

(Prony’s method alone)

<latexit sha1_base64="kF9VBjs9Sv6P5hq7Y3h8Not59bQ=">AAACAHicbVC7SgNBFJ2Nr7i+Vi0sbAaDGJuwGxQtgzaWEcwDkiXMzt4kQ2ZnlplZIYQ0/oqNhSK2foadf+PkUWjigQuHc+7l3nuilDNtfP/bya2srq1v5Dfdre2d3T1v/6CuZaYo1KjkUjUjooEzATXDDIdmqoAkEYdGNLid+I1HUJpJ8WCGKYQJ6QnWZZQYK3W8I7dYVVIMzzROwPRljAmXAs47XsEv+VPgZRLMSQHNUe14X+1Y0iwBYSgnWrcCPzXhiCjDKIex2840pIQOSA9algqSgA5H0wfG+NQqMe5KZUsYPFV/T4xIovUwiWxnQkxfL3oT8T+vlZnudThiIs0MCDpb1M04NhJP0sAxU0ANH1pCqGL2Vkz7RBFqbGauDSFYfHmZ1Mul4KJ0eV8uVG7mceTRMTpBRRSgK1RBd6iKaoiiMXpGr+jNeXJenHfnY9aac+Yzh+gPnM8fFruVdA==</latexit>

(PronyAAA + Fourier transform)

<latexit sha1_base64="J27BqRyUK+dSfcOUko3ZcgyFeD8=">AAACCHicbVDLSgMxFM3UVx1foy5dGCxCRSgzRdFlqyAuK9gHtEPJpJk2NJMMSUYYhi7d+CtuXCji1k9w59+YPhbaeiBwOOc+ck8QM6q0635buaXlldW1/Lq9sbm1vePs7jWUSCQmdSyYkK0AKcIoJ3VNNSOtWBIUBYw0g+H12G8+EKmo4Pc6jYkfoT6nIcVIG6nrHNrFmhQ8rVar8BTemLGUSKgl4ioUMjrpOgW35E4AF4k3IwUwQ63rfHV6AicR4RozpFTbc2PtZ0hqihkZ2Z1EkRjhIeqTtqEcRUT52eSQETw2Sg+axeZxDSfq744MRUqlUWAqI6QHat4bi/957USHl35GeZxowvF0UZgwqAUcpwJ7VBKsWWoIwpKav0I8QBJhbbKzTQje/MmLpFEueWel87tyoXI1iyMPDsARKAIPXIAKuAU1UAcYPIJn8ArerCfrxXq3PqalOWvWsw/+wPr8AXN0mGA=</latexit>

(Time)(Fourier space)

REfit: barycentric + exponential
Problem:
How can I construct an exponential sum representation of rm ⇡ f?

<latexit sha1_base64="wlbg/cPXErc4SQ70k6g4xkiW8ik="></latexit>

Fourier coe�cients decay slowly, sample is underresolved...

<latexit sha1_base64="UdaAORWliNXbraA8axF3TZpUkb8=">AAACJnicbVDLSgMxFL3j2/qqunQTLIILGWZE0Y0gCuJSwdZCLSWTudOGZpIhyShD8Wvc+CtuXCgi7vwU08dCWw8EDufcR+6JMsGNDYIvb2p6ZnZufmGxtLS8srpWXt+oGZVrhlWmhNL1iBoUXGLVciuwnmmkaSTwNuqe9/3be9SGK3ljiwybKW1LnnBGrZNa5ZMLN4mjJkxh4mSO0hoSI6MFMUI9iGKPGJpmAgk3JJcxao1GiXuMfd9vlSuBHwxAJkk4IhUY4apVfruLFctTt4UJakwjDDLb7FFtORP4WLrLDWaUdWkbG45KmqJp9gZnPpIdp8QkUdo9aclA/d3Ro6kxRRq5ypTajhn3+uJ/XiO3yXGzx2WWW5RsuCjJBbGK9DMjMdfIrCgcoUxz91fCOlRTZl2yJRdCOH7yJKnt++GBf3i9Xzk9G8WxAFuwDbsQwhGcwiVcQRUYPMELvMG79+y9eh/e57B0yhv1bMIfeN8/uMKl5w==</latexit>



Problem:
How can I construct a barycentric representation of rm ⇡ f?

<latexit sha1_base64="90MiXkj1O6DB0dzCiv+68Sp3WTc="></latexit>

Noisy data, limited spatial resolution...

<latexit sha1_base64="rpV/emm1BfvrWv16Ol1SWqo1z0E=">AAACEnicbVDLSgNBEJyN7/iKevQyGAQFWXaDokfRiydRMA+IIfTOdnTI7M4y0yuEkG/w4q948aCIV0/e/BsnMQeNFgwUVdX0dEWZkpaC4NMrTE3PzM7NLxQXl5ZXVktr6zWrcyOwKrTSphGBRSVTrJIkhY3MICSRwnrUPR369Ts0Vur0inoZthK4SWVHCiAntUu751raHo+BYI8rmUjCmNvMuaC4QatVPgz6vt8ulQM/GIH/JeGYlNkYF+3Sx3WsRZ5gSkKBtc0wyKjVB0NSKBwUr3OLGYgu3GDT0RQStK3+6KQB33ZKzDvauJcSH6k/J/qQWNtLIpdMgG7tpDcU//OaOXWOWn2ZZjlhKr4XdXLFSfNhPzyWBgUpV4kEYaT7Kxe3YECQa7HoSggnT/5LahU/3PcPLivl45NxHfNsk22xHRayQ3bMztgFqzLB7tkje2Yv3oP35L16b9/Rgjee2WC/4L1/AXZOnVc=</latexit>

(time domain)
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REfit: barycentric + exponential

sm

<latexit sha1_base64="Izd2eRR9LKOZ4rvk60Y0oAGrEPE=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHYJRo9ELx4xcYEENqRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZv7nSeqNIvlo5kmNBB4JFnECDZW8qt6IKqDcsWtuQugdeLlpAI5WoPyV38Yk1RQaQjHWvc8NzFBhpVhhNNZqZ9qmmAywSPas1RiQXWQLY6doQurDFEUK1vSoIX6eyLDQuupCG2nwGasV725+J/XS010E2RMJqmhkiwXRSlHJkbzz9GQKUoMn1qCiWL2VkTGWGFibD4lG4K3+vI6addrXqN29VCvNG/zOIpwBudwCR5cQxPuoQU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/ABnKjjk=</latexit>

F�1(sm)

<latexit sha1_base64="IoW01ed1BbPWmc9MPUST3or/1/U=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM7QIFbEkouiyKIjLCvYBTQyT6bQOnUnCzEQIIeBH+ANuXCji1u9w179x0nahrQcGDufcyz1z/IhRqSxrZBQWFpeWV4qrpbX1jc0tc3unJcNYYNLEIQtFx0eSMBqQpqKKkU4kCOI+I21/eJX77UciJA2DO5VExOVoENA+xUhpyTP3HI7UA0Ysvc7u02M7q0qPH3pmxapZY8B5Yk9JpV52jp5H9aThmd9OL8QxJ4HCDEnZta1IuSkSimJGspITSxIhPEQD0tU0QJxINx3Hz+CBVnqwHwr9AgXH6u+NFHEpE+7ryTysnPVy8T+vG6v+hZvSIIoVCfDkUD9mUIUw7wL2qCBYsUQThAXVWSF+QAJhpRsr6RLs2S/Pk9ZJzT6tnd3qNi7BBEWwD8qgCmxwDurgBjRAE2CQghfwBt6NJ+PV+DA+J6MFY7qzC/7A+PoBrr6YSA==</latexit>

(Fourier space)

rm

<latexit sha1_base64="pt0i3vsr/iuERElDVBrD7t7hCrI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHYJRo9ELx4xcYEENqRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZv7nSeqNIvlo5kmNBB4JFnECDZW8qtqIKqDcsWtuQugdeLlpAI5WoPyV38Yk1RQaQjHWvc8NzFBhpVhhNNZqZ9qmmAywSPas1RiQXWQLY6doQurDFEUK1vSoIX6eyLDQuupCG2nwGasV725+J/XS010E2RMJqmhkiwXRSlHJkbzz9GQKUoMn1qCiWL2VkTGWGFibD4lG4K3+vI6addrXqN29VCvNG/zOIpwBudwCR5cQxPuoQU+EGDwDK/w5kjnxXl3PpatBSefOYU/cD5/ABhDjjg=</latexit>

|f̂
k
|

<latexit sha1_base64="CWvNu1g7uzgSyf2mtYnmRI13b7I=">AAAB9XicbVDLTgJBEOz1ifhCPXqZCCaeyC7R6JHoxSMm8khgJbPDLEyYfWSmV0MW/sOLB43x6r94828cYA8KVtJJpao73V1eLIVG2/62VlbX1jc2c1v57Z3dvf3CwWFDR4livM4iGamWRzWXIuR1FCh5K1acBp7kTW94M/Wbj1xpEYX3OIq5G9B+KHzBKBrpoTQmnQHF1J90h+NSt1C0y/YMZJk4GSlChlq38NXpRSwJeIhMUq3bjh2jm1KFgkk+yXcSzWPKhrTP24aGNODaTWdXT8ipUXrEj5SpEMlM/T2R0kDrUeCZzoDiQC96U/E/r52gf+WmIowT5CGbL/ITSTAi0whITyjOUI4MoUwJcythA6ooQxNU3oTgLL68TBqVsnNevrirFKvXWRw5OIYTOAMHLqEKt1CDOjBQ8Ayv8GY9WS/Wu/Uxb12xspkj+APr8wf4x5It</latexit>

-500 0 500
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10-4

10-2

100

extrapolated Fourier data
original Fourier data



REfit for data-driven rational computing: 

(open-source package for MATLAB)

Other AMAZING rational approximation tools:
AAA in Chebfun: 

www.chebfun.org (Nakatsukasa, Trefethen, Sète)


RKfit for rational Krylov subspace approximation:

 guettel.com/rktoolbox/index.html (Berljafa, Güttel)


My website:
heatherw3521.github.io

Thank you!

https://www.chebfun.org
http://guettel.com/rktoolbox/index.html
http://heatherw3521.github.io


Begin Extra Slides



Advantage for postprocessing: rootfinding

E =

2

6664

e2⇡ix1 i!1e2⇡ix1

. . .
...

e2⇡ix2m i!2me2⇡ix2m

f1 · · · f2m 0

3

7775
, B =

2

6664

1 i!1

. . .
...

1 i!2m

0 · · · 0 0

3

7775
.

<latexit sha1_base64="wt++kzUaXXSthojP9IZS+AaV/2M="></latexit>

If rt,�m (⇣j) = 0 and µ = e2⇡i⇣j ,

<latexit sha1_base64="6HzPLjP6L/aeCvr8kRPIDFebYbM="></latexit>

then Ey = µBy, where

<latexit sha1_base64="t+QfkPaptgLUMiJeHGL3380MOqg=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IreJCSFEUvQqkIHivYD2hL2Wyn7dLNJuxulBCKF/+KFw+KePVXePPfuG1z0OqDgcd7M8zM80LOlHacLyuzsLi0vJJdza2tb2xu2ds7dRVEkkKNBjyQTY8o4ExATTPNoRlKIL7HoeGNLid+4w6kYoG41XEIHZ8MBOszSrSRuvaeHoLAhasYX+C2H+FKXDjG90OQ0LXzTtGZAv8lbkryKEW1a3+2ewGNfBCacqJUy3VC3UmI1IxyGOfakYKQ0BEZQMtQQXxQnWT6whgfGqWH+4E0JTSeqj8nEuIrFfue6fSJHqp5byL+57Ui3T/vJEyEkQZBZ4v6Ecc6wJM8cI9JoJrHhhAqmbkV0yGRhGqTWs6E4M6//JfUS0X3pHh6U8qXK2kcWbSPDtARctEZKqNrVEU1RNEDekIv6NV6tJ6tN+t91pqx0pld9AvWxzdaZ5V9</latexit>

fast evaluation of derivatives.

<latexit sha1_base64="psd6xOysywb8oTnhZIgFBqTMnT8=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4CklRdFl047KCfUAbymRy0w6dPJiZBEro0o2/4saFIm79BHf+jdM0C209cOHMOfcy9x4v4Uwq2/42VlbX1jc2K1vV7Z3dvX3z4LAt41RQaNGYx6LrEQmcRdBSTHHoJgJI6HHoeOPbmd/JQEgWRw9qkoAbkmHEAkaJ0tLAPAmIVBgywtNCwXGAfRAs068MpDUwa7ZlF8DLxClJDZVoDsyvvh/TNIRIUU6k7Dl2otycCMUoh2m1n0pICB2TIfQ0jUgI0s2LQ6b4TCs+DmKhK1K4UH9P5CSUchJ6ujMkaiQXvZn4n9dLVXDt5ixKUgURnX8UpByrGM9SwT4TQBWfaEKoYHpXTEdEEKp0dlUdgrN48jJp1y3nwrq8r9caN2UcFXSMTtE5ctAVaqA71EQtRNEjekav6M14Ml6Md+Nj3rpilDNH6A+Mzx/NL5nW</latexit>

More advantages

 [Berrut, Baltensperger, Mittelmann (2005)]

[Higham (2004), Austin and Xu (2017)]
stable evaluation on [0, 1) (stable interpolation/integration)

<latexit sha1_base64="geEECeHscpOliKhNbap6JAyBG3A=">AAACLXicbVDLSgMxFM34rOOr6tJNsBVakDojii6LunBZwT5gWkomvW2DmcyQZIQy+ENu/BURXFTErb9hZjoLrV4SODnnXG7u8SPOlHacqbWwuLS8slpYs9c3Nre2izu7LRXGkkKThjyUHZ8o4ExAUzPNoRNJIIHPoe3fX6V6+wGkYqG405MIegEZCTZklGhD9YvXttLEmDE8EB5nJDan7DlH2K2WcSWXmdAgo5BnjuP0NZIZrtq23S+WnJqTFf4L3ByUUF6NfvG1OwhpHIDQlBOlPNeJdC8hUjPK4dHuxgoiQu/JCDwDBQlA9ZJs20d8aJgBHobSXKFxxv7sSEig1CTwjTMgeqzmtZT8T/NiPbzoJUxEsQZBZ4OGMcc6xGl0eMAkUM0nBhAqmfkrpmMiCTXRqDQEd37lv6B1UnNPa2e3J6X6ZR5HAe2jA1RBLjpHdXSDGqiJKHpCL2iK3q1n6836sD5n1gUr79lDv8r6+gZBkaZR</latexit>

There are 2m� 2 finite, nonzero eigenvalues.

<latexit sha1_base64="x11z9I73Tq4uLTNLYagqW265BEE=">AAACG3icbVA9SwNBEN2LX/H8ilraLCaChYa7Q9EyaGMZIV+QhLC3mUsW93aP3T0hBv+HjX/FxkIRK8HCf+NekkKNDwYe780wMy9MONPG876c3MLi0vJKftVdW9/Y3Cps7zS0TBWFOpVcqlZINHAmoG6Y4dBKFJA45NAMby4zv3kLSjMpamaUQDcmA8EiRomxUq8QuLUhKMDEVimIj4MSjphgBo6wkOIOlMTABiBuCU9Bl7Hrur1C0St7E+B54s9IEc1Q7RU+On1J0xiEoZxo3fa9xHTHRBlGOdy7nVRDQugNGUDbUkFi0N3x5Ld7fGCVPo6ksiUMnqg/J8Yk1noUh7YzJmao/3qZ+J/XTk103h0zkaQGBJ0uilKOjcRZULjPFFDDR5YQqpi9FdMhUYQaG2cWgv/35XnSCMr+Sfn0OihWLmZx5NEe2keHyEdnqIKuUBXVEUUP6Am9oFfn0Xl23pz3aWvOmc3sol9wPr8BVUqefw==</latexit>

PronyAAA algorithm



Matrix function evaluation:  (Gawlik, 2020), (Nakatsukasa and Gawlik, 2021), 
(Braess and Hackbusch, 2005, 2009) (Ward, 1977) (Gosea and Güttel, 2020) 
and many more…

Eigendecompositions/Polar decomposition: ( Nakatsukasa and Freund, 2015), 
(Saad, El-Guide, and Międlar), (Tang and Polizzi, 2014), (Güttel, 2010), (Ruhe, 1994

and many more… 

Solving linear systems/matrix equations:  (Ruhe, 1994),(Druskin and 
Simoncini, 2011), (Sabino, 2008), (Kressner, Massei, and Robol, 2019), 
(Benner, Truhar, and Li, 2009), (W. And Townsend, 2018)many more…

Solving PDEs:  (Haut, Beylkin and Monzòn 2015), (Trefethen and Tee, 2006 ), (Gopal and 
Trefethen, 2019) , (Haut, Babb, Martinsson, and Wingate, 2016), many more…

Quadrature, conformal mapping, analytic continuation, digital filter design, 
reduced order modeling… (See Approximation Theory and Practice, Ch. 23)

Rationals appear in the fundamental things we do in numerical linear algebra.

<latexit sha1_base64="/iOQPy/jme2HER3hP3ydznIpJoY="></latexit>

When are rationals useful?



Rational functions have excellent approximation power near singularities

<latexit sha1_base64="PF9lXbLAR5K16XxdQMZHttGAenU="></latexit>

(purple = degree 200 polynomial, black = type (59, 60) rational)

<latexit sha1_base64="REq4xkQC1FHoHr6pnGithmA5Wx4="></latexit>

When are rationals useful?



(O. Sète)(L.N. Trefethen)(Y. Nakatsukasa)

Key Idea:  greedily build up an interpolant, one point at a time. 

Suppose the nodes are t = {t1, . . . , t2m} ⇢ T

<latexit sha1_base64="wnlk1Xoz4dgMgHhF0IamoeEh44g="></latexit>

Determining the barycentric weights:

<latexit sha1_base64="Uut7OJHhQ/A2x2JhMbxpYaghQNE=">AAACGnicbVDLSgMxFM3UV62vqks3wSK4KjNFUVwVdeGygn1AW0omvW1DM5khuaOUod/hxl9x40IRd+LGvzHTdqGtBwKHc+5Jco8fSWHQdb+dzNLyyupadj23sbm1vZPf3auZMNYcqjyUoW74zIAUCqooUEIj0sACX0LdH16lfv0etBGhusNRBO2A9ZXoCc7QSp2814pVF3QaT64BQQdCCdWnOADqMz3ioFALTh9A9AdoLsa5Tr7gFt0J6CLxZqRAZqh08p+tbsjjwN7EJTOm6bkRthOmUXAJ41wrNhAxPmR9aFqqWACmnUxWG9Mjq3RpL9T2KKQT9XciYYExo8C3kwHDgZn3UvE/rxlj77ydCBXFCIpPH+rFkmJI055oV2jgKEeWMK6F/SvlA6YZtx2ZtARvfuVFUisVvZPi6W2pUL6c1ZElB+SQHBOPnJEyuSEVUiWcPJJn8krenCfnxXl3PqajGWeW2Sd/4Hz9AE5hoaE=</latexit>

[Nakatsukasa, Trefethen, & Sète (2018), Antoulas & Anderson (1986), Berrut (2005), Badoo(2021) ]

Start with sampling locations T = {x1, . . . , xN}.

<latexit sha1_base64="q8nu7A5NP+VQ8LYQqCId9RURiaM="></latexit>

rt,�m (x) =
nm�1(x)

dm(x)

<latexit sha1_base64="wSX+AgBg/lTuMi7oiaOi8TQC9e8=">AAACGXicbVDLSgMxFM3UV62vqks3wSJU0DIjFd0IRTcuK9gHtHXIZDJtaJIZkoxYhvkNN/6KGxeKuNSVf2Om7UJbD1zu4Zx7Se7xIkaVtu1vK7ewuLS8kl8trK1vbG4Vt3eaKowlJg0cslC2PaQIo4I0NNWMtCNJEPcYaXnDq8xv3ROpaChu9SgiPY76ggYUI20kt2hLl98l+gh2+4hzlJYfDuEF7PqBRDgRbsKPnUxLE9/lWS+4xZJdsceA88SZkhKYou4WP7t+iGNOhMYMKdVx7Ej3EiQ1xYykhW6sSITwEPVJx1CBOFG9ZHxZCg+M4sMglKaEhmP190aCuFIj7plJjvRAzXqZ+J/XiXVw3kuoiGJNBJ48FMQM6hBmMUGfSoI1GxmCsKTmrxAPkAlFmzCzEJzZk+dJ86TiVCunN9VS7XIaRx7sgX1QBg44AzVwDeqgATB4BM/gFbxZT9aL9W59TEZz1nRnF/yB9fUDQdefNA==</latexit>

rt,�m (x)dm(x) = nm�1(x)

<latexit sha1_base64="4BDFfLEs7ehcb2vOSXGwEZEkTmA=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsoCWRim6EohuXFewD2hgmk0kdOjMJMxOxhH6CG3/FjQtF3Lp059+YtFlo64HLPZxzLzP3eBGjSlvWt1GYm19YXCoul1ZW19Y3zM2tlgpjiUkThyyUHQ8pwqggTU01I51IEsQ9Rtre4DLz2/dEKhqKGz2MiMNRX9CAYqRTyTX3pctvE30Ie33EORpVHg6g7/KsnUPhJvzIzrSSa5atqjUGnCV2TsogR8M1v3p+iGNOhMYMKdW1rUg7CZKaYkZGpV6sSITwAPVJN6UCcaKcZHzQCO6lig+DUKYlNByrvzcSxJUaci+d5EjfqWkvE//zurEOzpyEiijWRODJQ0HMoA5hlg70qSRYs2FKEJY0/SvEd0girNMMsxDs6ZNnSeu4ateqJ9e1cv0ij6MIdsAuqAAbnII6uAIN0AQYPIJn8ArejCfjxXg3PiajBSPf2QZ/YHz+AA7Kmq4=</latexit>

min
�2C

X

xj2T\t

(f(xj)dm(xj)� nm�1(xj))
2 ,

<latexit sha1_base64="gRFICZVMHGQxfR+Zr9oDAJHlWbw="></latexit>

s.t.
2mX

j=1

f(tj)�j = 0, k�k2 = 1.

<latexit sha1_base64="QWtgplZu0BVvu6FPJVTN769mCKw="></latexit>

Choosing the next interpolating point:

<latexit sha1_base64="2cKVF4r2a1lwUT18Vmyhb5uyodQ=">AAACHHicbVDLSgMxFM34tr5GXboJFsFVmfGB4krsxmUFW4V2KJn0tg1mkiG5I5ahH+LGX3HjQhE3LgT/xkzbha8DgZNz7iG5J06lsBgEn97U9Mzs3PzCYmlpeWV1zV/faFidGQ51rqU21zGzIIWCOgqUcJ0aYEks4Sq+qRb+1S0YK7S6xEEKUcJ6SnQFZ+iktr/fylQHTBHPq32trVA9in2gCu6QCoVgUi3dsJNT7e4nw1LbLweVYAT6l4QTUiYT1Nr+e6ujeZaAQi6Ztc0wSDHKmUHBJQxLrcxCyvgN60HTUcUSsFE+Wm5Id5zSoV1t3FFIR+r3RM4SawdJ7CYThn372yvE/7xmht3jKBcqzRAUHz/UzSRFTYumaEcY4CgHjjBuhPsr5X1mGHed2KKE8PfKf0ljrxIeVA4v9sqnZ5M6FsgW2Sa7JCRH5JSckxqpE07uySN5Ji/eg/fkvXpv49Epb5LZJD/gfXwB2o2icQ==</latexit>

t2m+1 = argmaxx2T\t|rt,�m (xj)� f(xj)|

<latexit sha1_base64="ACRMlbYDufsyTqBUUJFzhcDsfZY="></latexit>

PronyAAA algorithm



Theorem: (Damle, Townsend, W.) The type (m � 1,m) trigonometric rational
rm = F�1(rm) can be exactly recovered by a barycentric interpolant rt,�m for
any set of distinct interpolating points t = {t1, . . . , t2m} ⇢ [0, 1).

<latexit sha1_base64="wyIE9UYN+UoMP0Q2p4kgCeGgBV0="></latexit>

Exact recovery is an ill-conditioned problem: The choice of t matters greatly.

<latexit sha1_base64="hLcaQATPHo9Bo4bwjRl9zovdWyU="></latexit>

rt,�m (x) =

P2m
j=1 �jfj cot (⇡(x� tj))

P2m
j=1 �j cot (⇡(x� tj))

<latexit sha1_base64="HcKpf73fl9CROxtkpAZIXY1t1wA="></latexit>

Rm(k) =
mX

j=1

!je
�jk

<latexit sha1_base64="ralH96vz/qKrfw1uDTv8iIWht24=">AAACG3icbVC7TsMwFHXKu7wKjCwWFVJZqqQCwYKEYGEERFukJo0c97Z1ayeR7SBVUf6DhV9hYQAhJiQG/ganZOB1JEvH59x77XuCmDOlbfvDKs3Mzs0vLC6Vl1dW19YrG5stFSWSQpNGPJI3AVHAWQhNzTSHm1gCEQGHdjA+y/32LUjFovBaT2LwBBmErM8o0UbyK40rX9TGe/gYuyoRfjoyzMm6qciwGwkYEH+EoZu63Izs5Zdx5leqdt2eAv8lTkGqqMCFX3lzexFNBISacqJUx7Fj7aVEakY5ZGU3URATOiYD6BgaEgHKS6e7ZXjXKD3cj6Q5ocZT9XtHSoRSExGYSkH0UP32cvE/r5Po/pGXsjBONIT066F+wrGOcB4U7jEJVPOJIYRKZv6K6ZBIQrWJs2xCcH6v/Je0GnVnv35wuV89OS3iWETbaAfVkIMO0Qk6RxeoiSi6Qw/oCT1b99aj9WK9fpWWrKJnC/2A9f4J1ECgGw==</latexit>

rm(x) = F�1(Rm)(x)

<latexit sha1_base64="VAYjxbQ/Ql3Q3jPIKc7Jo7xHRhY=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VoF5ZEKroRioK4rGIf0MYwmU7aoTNJmJmIJeQD3Pgrblwo4tYPcOffOGm70NYDA4dzzmXuPV7EqFSW9W3kFhaXllfyq+ba+sbmVmF7pynDWGDSwCELRdtDkjAakIaiipF2JAjiHiMtb3iR+a17IiQNg1s1iojDUT+gPsVIacktFIXLSw9leAa7HKkBRiy5TO+SQzst3bi8rC3T1CmrYo0B54k9JUUwRd0tfHV7IY45CRRmSMqObUXKSZBQFDOSmt1YkgjhIeqTjqYB4kQ6yfiYFB5opQf9UOgXKDhWf08kiEs54p5OZhvLWS8T//M6sfJPnYQGUaxIgCcf+TGDKoRZM7BHBcGKjTRBWFC9K8QDJBBWur+sBHv25HnSPKrY1crxdbVYO5/WkQd7YB+UgA1OQA1cgTpoAAwewTN4BW/Gk/FivBsfk2jOmM7sgj8wPn8AAFCZCQ==</latexit>

(chooses points via greedy residual minimization)

<latexit sha1_base64="IsgJpEulNxH+HrW/o5N0uXXFqXk=">AAACHXicbVC7TgJBFJ3FF64v1NJmIjHBhuwSjJZEG0tM5JEAIbOzF5gwj83MLAkSfsTGX7Gx0BgLG+PfuAsUCp5kkpNz7smde4KIM2M979vJrK1vbG5lt92d3b39g9zhUd2oWFOoUcWVbgbEAGcSapZZDs1IAxEBh0YwvEn9xgi0YUre23EEHUH6kvUYJTaRurlygQ6UMmBwpJi0Bo8YwX0NEI6xBsPCmHAsmGSCPcwi567rdnN5r+jNgFeJvyB5tEC1m/tsh4rGAqSlnBjT8r3IdiZEW0Y5TN12bCAidEj60EqoJAJMZzK7borPEiXEPaWTJy2eqb8TEyKMGYsgmRTEDsyyl4r/ea3Y9q46Eyaj2IKk80W9mGOrcFoVDpkGavk4IYRqlvwV0wHRhNqk0LQEf/nkVVIvFf1y8eKulK9cL+rIohN0igrIR5eogm5RFdUQRY/oGb2iN+fJeXHenY/5aMZZZI7RHzhfP4z3oYo=</latexit>

Idea 1:  Apply 2m steps of PronyAAA.

<latexit sha1_base64="4E/IX7YqODjdqMK89HjPMTCeeT0=">AAACCHicbVC7TsMwFHXKq4RXgJEBixaJqUoqEIwNLIxFog+prSrHdVqrjm3ZDlIVdWThV1gYQIiVT2Djb0jaDNBypCsdnXOv7r0nkIxq47rfVmFldW19o7hpb23v7O45+wdNLWKFSQMLJlQ7QJowyknDUMNIWyqCooCRVjC+yfzWA1GaCn5vJpL0IjTkNKQYmVTqO8e+lGwCy9WoDLUhUkMRwroSfOL7fsW2+07JrbgzwGXi5aQEctT7zld3IHAcEW4wQ1p3PFeaXoKUoZiRqd2NNZEIj9GQdFLKUUR0L5k9MoWnqTKAoVBpcQNn6u+JBEVaT6Ig7YyQGelFLxP/8zqxCa96CeUyNoTj+aIwZtAImKUCB1QRbNIgBhRhRdNbIR4hhbBJs8tC8BZfXibNasU7r1zcVUu16zyOIjgCJ+AMeOAS1MAtqIMGwOARPINX8GY9WS/Wu/Uxby1Y+cwh+APr8wcXFpd1</latexit>

Can be numerically unstable. Loss of accuracy/poles occurring on the interval!

<latexit sha1_base64="T/tM43970ZasV7A5QNLky/Jdx5I="></latexit>

Exponential sums to barycentric interpolants



Theorem: (Damle, Townsend, W.) The type (m � 1,m) trigonometric rational
rm = F�1(rm) can be exactly recovered by a barycentric interpolant rt,�m for
any set of distinct interpolating points t = {t1, . . . , t2m} ⇢ [0, 1).

<latexit sha1_base64="wyIE9UYN+UoMP0Q2p4kgCeGgBV0="></latexit>

Exact recovery is an ill-conditioned problem: The choice of t matters greatly.

<latexit sha1_base64="hLcaQATPHo9Bo4bwjRl9zovdWyU="></latexit>

rt,�m (x) =

P2m
j=1 �jfj cot (⇡(x� tj))

P2m
j=1 �j cot (⇡(x� tj))

<latexit sha1_base64="HcKpf73fl9CROxtkpAZIXY1t1wA="></latexit>

Rm(k) =
mX

j=1

!je
�jk

<latexit sha1_base64="ralH96vz/qKrfw1uDTv8iIWht24=">AAACG3icbVC7TsMwFHXKu7wKjCwWFVJZqqQCwYKEYGEERFukJo0c97Z1ayeR7SBVUf6DhV9hYQAhJiQG/ganZOB1JEvH59x77XuCmDOlbfvDKs3Mzs0vLC6Vl1dW19YrG5stFSWSQpNGPJI3AVHAWQhNzTSHm1gCEQGHdjA+y/32LUjFovBaT2LwBBmErM8o0UbyK40rX9TGe/gYuyoRfjoyzMm6qciwGwkYEH+EoZu63Izs5Zdx5leqdt2eAv8lTkGqqMCFX3lzexFNBISacqJUx7Fj7aVEakY5ZGU3URATOiYD6BgaEgHKS6e7ZXjXKD3cj6Q5ocZT9XtHSoRSExGYSkH0UP32cvE/r5Po/pGXsjBONIT066F+wrGOcB4U7jEJVPOJIYRKZv6K6ZBIQrWJs2xCcH6v/Je0GnVnv35wuV89OS3iWETbaAfVkIMO0Qk6RxeoiSi6Qw/oCT1b99aj9WK9fpWWrKJnC/2A9f4J1ECgGw==</latexit>

rm(x) = F�1(Rm)(x)

<latexit sha1_base64="VAYjxbQ/Ql3Q3jPIKc7Jo7xHRhY=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VoF5ZEKroRioK4rGIf0MYwmU7aoTNJmJmIJeQD3Pgrblwo4tYPcOffOGm70NYDA4dzzmXuPV7EqFSW9W3kFhaXllfyq+ba+sbmVmF7pynDWGDSwCELRdtDkjAakIaiipF2JAjiHiMtb3iR+a17IiQNg1s1iojDUT+gPsVIacktFIXLSw9leAa7HKkBRiy5TO+SQzst3bi8rC3T1CmrYo0B54k9JUUwRd0tfHV7IY45CRRmSMqObUXKSZBQFDOSmt1YkgjhIeqTjqYB4kQ6yfiYFB5opQf9UOgXKDhWf08kiEs54p5OZhvLWS8T//M6sfJPnYQGUaxIgCcf+TGDKoRZM7BHBcGKjTRBWFC9K8QDJBBWur+sBHv25HnSPKrY1crxdbVYO5/WkQd7YB+UgA1OQA1cgTpoAAwewTN4BW/Gk/FivBsfk2jOmM7sgj8wPn8AAFCZCQ==</latexit>

(chooses points via greedy residual minimization)

<latexit sha1_base64="IsgJpEulNxH+HrW/o5N0uXXFqXk=">AAACHXicbVC7TgJBFJ3FF64v1NJmIjHBhuwSjJZEG0tM5JEAIbOzF5gwj83MLAkSfsTGX7Gx0BgLG+PfuAsUCp5kkpNz7smde4KIM2M979vJrK1vbG5lt92d3b39g9zhUd2oWFOoUcWVbgbEAGcSapZZDs1IAxEBh0YwvEn9xgi0YUre23EEHUH6kvUYJTaRurlygQ6UMmBwpJi0Bo8YwX0NEI6xBsPCmHAsmGSCPcwi567rdnN5r+jNgFeJvyB5tEC1m/tsh4rGAqSlnBjT8r3IdiZEW0Y5TN12bCAidEj60EqoJAJMZzK7borPEiXEPaWTJy2eqb8TEyKMGYsgmRTEDsyyl4r/ea3Y9q46Eyaj2IKk80W9mGOrcFoVDpkGavk4IYRqlvwV0wHRhNqk0LQEf/nkVVIvFf1y8eKulK9cL+rIohN0igrIR5eogm5RFdUQRY/oGb2iN+fJeXHenY/5aMZZZI7RHzhfP4z3oYo=</latexit>

Idea 1:  Apply 2m steps of PronyAAA.

<latexit sha1_base64="4E/IX7YqODjdqMK89HjPMTCeeT0=">AAACCHicbVC7TsMwFHXKq4RXgJEBixaJqUoqEIwNLIxFog+prSrHdVqrjm3ZDlIVdWThV1gYQIiVT2Djb0jaDNBypCsdnXOv7r0nkIxq47rfVmFldW19o7hpb23v7O45+wdNLWKFSQMLJlQ7QJowyknDUMNIWyqCooCRVjC+yfzWA1GaCn5vJpL0IjTkNKQYmVTqO8e+lGwCy9WoDLUhUkMRwroSfOL7fsW2+07JrbgzwGXi5aQEctT7zld3IHAcEW4wQ1p3PFeaXoKUoZiRqd2NNZEIj9GQdFLKUUR0L5k9MoWnqTKAoVBpcQNn6u+JBEVaT6Ig7YyQGelFLxP/8zqxCa96CeUyNoTj+aIwZtAImKUCB1QRbNIgBhRhRdNbIR4hhbBJs8tC8BZfXibNasU7r1zcVUu16zyOIjgCJ+AMeOAS1MAtqIMGwOARPINX8GY9WS/Wu/Uxby1Y+cwh+APr8wcXFpd1</latexit>

Can be numerically unstable. Loss of accuracy/poles occurring on the interval!

<latexit sha1_base64="T/tM43970ZasV7A5QNLky/Jdx5I="></latexit>

Idea 2:  Be greedy about numerical stability instead!

<latexit sha1_base64="uR+lMwBCdZaw0u39LGr3FuwDHCY=">AAACGXicbVA9SwNBEN3z2/MrammzGgSrcCeKliE2lgomCkkIc3uTuLi3d+zOCUfI37Dxr9hYKGKplf/GzUehxgcDj/dmdmdelClpKQi+vJnZufmFxaVlf2V1bX2jtLnVsGluBNZFqlJzE4FFJTXWSZLCm8wgJJHC6+jubOhf36OxMtVXVGTYTqCnZVcKICd1SkENec8gxgWHKM2J6zxB42zFLUEklaSCS20JId7lvu93SuWgEozAp0k4IWU2wUWn9NGKU+Fe1SQUWNsMg4zafTAkhcKB38otZiDuoIdNRzUkaNv90WUDvu+UmHdT40oTH6k/J/qQWFskketMgG7tX28o/uc1c+qetvtSZzmhFuOPurnilPJhTDyWBgWpwhEQRrpdubgFA4JcmMMQwr8nT5PGYSU8qhxfHpartUkcS2yH7bEDFrITVmXn7ILVmWAP7Im9sFfv0Xv23rz3ceuMN5nZZr/gfX4Df02fTw==</latexit>

Exponential sums to barycentric interpolants

(A new pivoting strategy for AAA based on column-pivoted QR + stabilization)

<latexit sha1_base64="h7xaFc0YzRu2De7L/LkjcnBlkoI="></latexit>



PronyAAA algorithm

Where are the poles?

rt,�m (x) =

P2m
j=1 �jfj cot (⇡(x� tj))

P2m
j=1 �j cot (⇡(x� tj))

<latexit sha1_base64="HcKpf73fl9CROxtkpAZIXY1t1wA="></latexit>

Benign spurious poles:

<latexit sha1_base64="rU5OFdTGY75WHDzgNuX9G59IwKY=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIW7oChWITaWEcwHJEfY28wlS/Z2j909IRxp/Cs2ForY+jPs/Ddukis08cHA470ZZuaFCWfaeN63s7K6tr6xWdgqbu/s7u27B4dNLVNFoUEll6odEg2cCWgYZji0EwUkDjm0wtHt1G89gtJMigczTiCIyUCwiFFirNRzj2sg2EBgnaSKyVTjRHLQN7jnlryyNwNeJn5OSihHved+dfuSpjEIQznRuuN7iQkyogyjHCbFbqohIXREBtCxVJAYdJDNHpjgM6v0cSSVLWHwTP09kZFY63Ec2s6YmKFe9Kbif14nNdF1kDGRpAYEnS+KUo6NxNM0cJ8poIaPLSFUMXsrpkOiCDU2s6INwV98eZk0K2X/onx5XylVa3kcBXSCTtE58tEVqqI7VEcNRNEEPaNX9OY8OS/Ou/Mxb11x8pkj9AfO5w9EDZYx</latexit>

Can be eliminated easily with AAA cleanup routine.

<latexit sha1_base64="OD1qKOXEop2fB8UgA5Y1IV+j7EE=">AAACHHicbVC7SgNBFJ2N7/iKWtoMBsEq7EZFy0QbSwWjgSSEu7M3yZDZ2WXmrhJCPsTGX7GxUMTGQvBvnMQUvg4MHM65j7knTJW05PsfXm5mdm5+YXEpv7yyurZe2Ni8sklmBNZEohJTD8GikhprJElhPTUIcajwOuyfjv3rGzRWJvqSBim2Yuhq2ZECyEntwv4paB4idwNiqYEw4ghWqgG/ldTj1WqVC4Wgs5SbJCO3pcTbhaJf8ifgf0kwJUU2xXm78NaMEpHFqEkosLYR+Cm1hmBIuuGjfDOzmILoQxcbjmqI0baGk+NGfNcpEe8kxj1NfKJ+7xhCbO0gDl1lDNSzv72x+J/XyKhz3BpKnWaEWnwt6mSKU8LHSfFIGhTkkogkCCPdX7nogQFBLs+8CyH4ffJfclUuBQelw4tysXIyjWORbbMdtscCdsQq7IydsxoT7I49sCf27N17j96L9/pVmvOmPVvsB7z3Tx6yoMY=</latexit>

Nothing explicitly enforces that poles are located o↵ [0, 1).

<latexit sha1_base64="hpLxuNx+4EmVnFrImDMtq1TxKoQ="></latexit>

Pernicious spurious poles:

<latexit sha1_base64="IPN9YR5VTXxuD16kPSrs+SR2UnM="></latexit>

cannot be eliminated without strongly impacting accuracy.

<latexit sha1_base64="FgqMku9mtW6yvEMmxr6KB47ydak=">AAACJHicbVC7SgNBFJ31bXxFLW0Gg2AVdkVRsAnaWCoYFWIId2dvksF5LDN3lRD8GBt/xcbCBxY2fouTmMLXgYHDOfcx96S5kp7i+D0aG5+YnJqemS3NzS8sLpWXV868LZzAurDKuosUPCppsE6SFF7kDkGnCs/Tq8OBf36NzktrTqmXY1NDx8i2FEBBapX3uQBjLPEUeRiipQHCjN9I6tqCuCdnTUf1uNQ5CJKmw0GIwoHoVXmrXImr8RD8L0lGpMJGOG6VXy4zKwqNhoQC7xtJnFOzD46kUHhbuiw8hjVX0MFGoAY0+mZ/eOQt3whKxtvWhWeID9XvHX3Q3vd0Gio1UNf/9gbif16joPZesy9NXhAa8bWoXShOlg8S45l0KChkkEkQToa/ctGFEAGFXEshhOT3yX/J2VY12a7unGxVagejOGbYGltnmyxhu6zGjtgxqzPB7tgDe2LP0X30GL1Gb1+lY9GoZ5X9QPTxCT/RpTA=</latexit>

Pernicious spurious poles appear when...

<latexit sha1_base64="5vPWKM6Cy8vWHDNLFIhyIKgXddc=">AAACEXicbZDLSgMxFIYzXmu9VV26CRahq2GmKLosunFZwV6gHUomPW1DM0lIMkopfQU3voobF4q4defOtzFtZ6GtPwQ+/nMOJ+ePFWfGBsG3t7K6tr6xmdvKb+/s7u0XDg7rRqaaQo1KLnUzJgY4E1CzzHJoKg0kiTk04uH1tN64B22YFHd2pCBKSF+wHqPEOqtTKFVBC0aZTA02KtUzUJKDwUQpIBo/DED4vt8pFAM/mAkvQ5hBEWWqdgpf7a6kaQLCUk6MaYWBstGYaMsoh0m+nRpQhA5JH1oOBUnAROPZRRN86pwu7kntnrB45v6eGJPEmFESu86E2IFZrE3N/2qt1PYuozETKrUg6HxRL+XYSjyNB3eZBmr5yAGhmrm/YjogmlDrQsy7EMLFk5ehXvbDM//8tlysXGVx5NAxOkElFKILVEE3qIpqiKJH9Ixe0Zv35L14797HvHXFy2aO0B95nz9Hf51E</latexit>

2. We demand too much accuracy (e.g., machine precision).

<latexit sha1_base64="rfec6UGAMf7Oje7fhB/nteLCrog=">AAACJXicbVC7SgNBFJ31bXxFLW0Gg6Agy25QtLAQbSwjGCPEEO7evUkGZ2aXnVkhhPyMjb9iY2EQwcpfcTam8HVg4HDOfcw9USqFsUHw7k1Nz8zOzS8slpaWV1bXyusb1ybJM6Q6JjLJbiIwJIWmuhVW0k2aEahIUiO6Oy/8xj1lRiT6yvZTainoatERCNZJ7fJJ1ecN4jEp0DG3ScJVjj0OiHkG2Oe75Hf9fa4Ae24Dd7NRFMP2fF4qtcuVwA/G4H9JOCEVNkGtXR7dxgnmirRFCcY0wyC1rQFkVqCkYek2N5QC3kGXmo5qUGRag/GVQ77jlJh3ksw9bflY/d4xAGVMX0WuUoHtmd9eIf7nNXPbOW4NhE5zSxq/FnVy6dLgRWQ8Fu5qK/uOAGbC/ZVjD1w81gVbhBD+Pvkvua764YF/eFmtnJ5N4lhgW2yb7bKQHbFTdsFqrM6QPbAn9sJG3qP37L16b1+lU96kZ5P9gPfxCQh2ooA=</latexit>

1. Data is not modeled well by type (m� 1,m) trigonometric rationals.

<latexit sha1_base64="G0Fl/sG4iTrZwKpxT7q3SgVlORQ="></latexit>



Prony’s method
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[Belykin & Monzon (2005, 2009) , Peter & Plonka (2013), Potts & Tasche (2013)]

(Gaspard de Prony)

sM (`) =
MX

j=1

wje
��j`,

<latexit sha1_base64="e9qzwWUx8Fs104ibgnNrAixsDso="></latexit>

where c` = s(`) for ` � 0.

<latexit sha1_base64="U4iWJrNjnandXELyoISEe45ysNY=">AAACF3icbZC7TsNAEEXX4RXMK0BJsyJGCo1lRyBokCJoKINEHlISWevNOFll/WB3DYqs/AUNv0JDAUK00PE3OI4LSJjq6N4Zzcx1I86ksqxvrbC0vLK6VlzXNza3tndKu3tNGcaCQoOGPBRtl0jgLICGYopDOxJAfJdDyx1dTf3WPQjJwuBWjSPo+WQQMI9RolLJKZm6/jAEAdigThc4xxdYVqZwbGAvFNjIxO4A7rBlmNgplS3Tygovgp1DGeVVd0pf3X5IYx8CRTmRsmNbkeolRChGOUz0biwhInREBtBJMSA+yF6S/TXBR6nSz87wwkDhTP09kRBfyrHvpp0+UUM5703F/7xOrLzzXsKCKFYQ0NkiL+ZYhXgaEu4zAVTxcQqECpbeiumQCEJVGqWehmDPv7wIzappn5inN9Vy7TKPo4gO0CGqIBudoRq6RnXUQBQ9omf0it60J+1Fe9c+Zq0FLZ/ZR39K+/wB8YScCA==</latexit>

Given (c0, c1, . . . , c2M+1), recover

<latexit sha1_base64="eqGGKU+gNxOdJuDOKqYp5S5bamw="></latexit>

If we can determine p = (p0, . . . , pM ),

<latexit sha1_base64="Rrf2APMg4W3t58VQgdLPZL6wZ9c="></latexit>

then this becomes a rootfinding problem.

<latexit sha1_base64="k1DPqunJQw3tI77kHo5CjXwk0Ao=">AAACEnicbVDLSgMxFM3UV62vqks3wSLopswURZdFNy4r2Ae0pWTSO21oJhmSO0Ip/QY3/oobF4q4deXOvzF9LLT1QMLhnHtzc0+YSGHR97+9zMrq2vpGdjO3tb2zu5ffP6hZnRoOVa6lNo2QWZBCQRUFSmgkBlgcSqiHg5uJX38AY4VW9zhMoB2znhKR4Ayd1MmfUeyDcpewNASuY7CUUaM1RkJ1herRxGj3WFzs5At+0Z+CLpNgTgpkjkon/9Xqap7GoJBLZm0z8BNsj5hBwSWMc63UQsL4gPWg6ahibnZ7NF1pTE+c0qWRNu4opFP1d8eIxdYO49BVxgz7dtGbiP95zRSjq/ZIqCRFUHw2KEolRU0n+dCuMMBRDh1h3Aj3V8r7zDCOLsWcCyFYXHmZ1ErF4Lx4cVcqlK/ncWTJETkmpyQgl6RMbkmFVAknj+SZvJI378l78d69j1lpxpv3HJI/8D5/AJstnXM=</latexit>

Set p(z) =
QM

j=1(z � �j), �j = e��j . (Prony’s polynomial)p(z) =
MX

k=0

pkz
k

How can we find each �j?

<latexit sha1_base64="ZpsgRukQ9C4mJ1Lzx1QNyS2oh1s=">AAACFnicbVDLSgMxFM34rPVVdekmWAU3lpmi6M6imy4rWBXaUu5k7rSxmcyQZCxl6Fe48VfcuFDErbjzb0wfC18HAodz7klyj58Iro3rfjozs3PzC4u5pfzyyuraemFj80rHqWJYZ7GI1Y0PGgWXWDfcCLxJFELkC7z2e+cj//oOleaxvDSDBFsRdCQPOQNjpXbhoJnKANUonlXjPmUgaR9pyGVAEViX7jaFvS2A9u3u6bBdKLoldwz6l3hTUiRT1NqFj2YQszRCaZgArRuem5hWBspwJnCYb6YaE2A96GDDUgkR6lY2XmtI96wS0DBW9khDx+r3RAaR1oPIt5MRmK7+7Y3E/7xGasKTVsZlkhqUbPJQmApqYjrqiAZcITNiYAkwxe1fKeuCAmZsk3lbgvd75b/kqlzyDktHF+Vi5WxaR45skx2yTzxyTCqkSmqkThi5J4/kmbw4D86T8+q8TUZnnGlmi/yA8/4FEFOeqA==</latexit>



Key Idea:  Approximate �j , and use the “Prony principle”.

<latexit sha1_base64="1lviiA/W01NKa/aTeINK27jgnnI="></latexit>

barycentric to exponential sum

rt,�m (x) =

P2m
j=1 �jfj cot (⇡(x� tj))

P2m
j=1 �j cot (⇡(x� tj))

<latexit sha1_base64="HcKpf73fl9CROxtkpAZIXY1t1wA="></latexit>

Rm(k) =
mX

j=1

!je
�jk

<latexit sha1_base64="ralH96vz/qKrfw1uDTv8iIWht24=">AAACG3icbVC7TsMwFHXKu7wKjCwWFVJZqqQCwYKEYGEERFukJo0c97Z1ayeR7SBVUf6DhV9hYQAhJiQG/ganZOB1JEvH59x77XuCmDOlbfvDKs3Mzs0vLC6Vl1dW19YrG5stFSWSQpNGPJI3AVHAWQhNzTSHm1gCEQGHdjA+y/32LUjFovBaT2LwBBmErM8o0UbyK40rX9TGe/gYuyoRfjoyzMm6qciwGwkYEH+EoZu63Izs5Zdx5leqdt2eAv8lTkGqqMCFX3lzexFNBISacqJUx7Fj7aVEakY5ZGU3URATOiYD6BgaEgHKS6e7ZXjXKD3cj6Q5ocZT9XtHSoRSExGYSkH0UP32cvE/r5Po/pGXsjBONIT066F+wrGOcB4U7jEJVPOJIYRKZv6K6ZBIQrWJs2xCcH6v/Je0GnVnv35wuV89OS3iWETbaAfVkIMO0Qk6RxeoiSi6Qw/oCT1b99aj9WK9fpWWrKJnC/2A9f4J1ECgGw==</latexit>

F(rt,�m )

<latexit sha1_base64="Z73/fB4x4F2d+e/YUnvTSef/9eI=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWWyFClKSouixKIjHCvYDmlom2227dDcJuxuhhN68+Fe8eFDEq3/Bm//GbZuDVh8MPN6bYWaeH3GmtON8WZmFxaXllexqbm19Y3PL3t6pqzCWhNZIyEPZ9EFRzgJa00xz2owkBeFz2vCHlxO/cU+lYmFwq0cRbQvoB6zHCGgjdez9gidADwjw5GpclB1xl+hj7PVBCBgfFTp23ik5U+C/xE1JHqWoduxPrxuSWNBAEw5KtVwn0u0EpGaE03HOixWNgAyhT1uGBiCoaifTP8b40Chd3AulqUDjqfpzIgGh1Ej4pnNytJr3JuJ/XivWvfN2woIo1jQgs0W9mGMd4kkouMskJZqPDAEimbkVkwFIINpElzMhuPMv/yX1csk9KZ3elPOVizSOLNpDB6iIXHSGKugaVVENEfSAntALerUerWfrzXqftWasdGYX/YL18Q3JEZid</latexit>

 [Miller (1970), Moitra (2016), Transtrum, Matcha and Sethna (2010)]

Find the poles of rt,�m ! approximate each �j .

<latexit sha1_base64="kmhfaM7r44ullgYEeY0u/m9UuDo="></latexit>

Evaluate rt,�m at 2N + 1 points ! N Fourier coe�cients.

<latexit sha1_base64="gkxoiVrlGsN9HR/XNYO8Gmi2z0U="></latexit>

Solve V ! = s, where s is an O(m) sample of coe↵s.

<latexit sha1_base64="G6bMKrkngQ389cMD85aUYI77cWc="></latexit>



exponential sum to barycentric:

CPQR-selected interpolation points

rt,�m (x) =

P2m
j=1 �jfj cot (⇡(x� tj))

P2m
j=1 �j cot (⇡(x� tj))

<latexit sha1_base64="HcKpf73fl9CROxtkpAZIXY1t1wA="></latexit>

Rm(k) =
mX

j=1

!je
�jk

<latexit sha1_base64="ralH96vz/qKrfw1uDTv8iIWht24=">AAACG3icbVC7TsMwFHXKu7wKjCwWFVJZqqQCwYKEYGEERFukJo0c97Z1ayeR7SBVUf6DhV9hYQAhJiQG/ganZOB1JEvH59x77XuCmDOlbfvDKs3Mzs0vLC6Vl1dW19YrG5stFSWSQpNGPJI3AVHAWQhNzTSHm1gCEQGHdjA+y/32LUjFovBaT2LwBBmErM8o0UbyK40rX9TGe/gYuyoRfjoyzMm6qciwGwkYEH+EoZu63Izs5Zdx5leqdt2eAv8lTkGqqMCFX3lzexFNBISacqJUx7Fj7aVEakY5ZGU3URATOiYD6BgaEgHKS6e7ZXjXKD3cj6Q5ocZT9XtHSoRSExGYSkH0UP32cvE/r5Po/pGXsjBONIT066F+wrGOcB4U7jEJVPOJIYRKZv6K6ZBIQrWJs2xCcH6v/Je0GnVnv35wuV89OS3iWETbaAfVkIMO0Qk6RxeoiSi6Qw/oCT1b99aj9WK9fpWWrKJnC/2A9f4J1ECgGw==</latexit>

rm(x) = F�1(Rm)(x)

<latexit sha1_base64="VAYjxbQ/Ql3Q3jPIKc7Jo7xHRhY=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VoF5ZEKroRioK4rGIf0MYwmU7aoTNJmJmIJeQD3Pgrblwo4tYPcOffOGm70NYDA4dzzmXuPV7EqFSW9W3kFhaXllfyq+ba+sbmVmF7pynDWGDSwCELRdtDkjAakIaiipF2JAjiHiMtb3iR+a17IiQNg1s1iojDUT+gPsVIacktFIXLSw9leAa7HKkBRiy5TO+SQzst3bi8rC3T1CmrYo0B54k9JUUwRd0tfHV7IY45CRRmSMqObUXKSZBQFDOSmt1YkgjhIeqTjqYB4kQ6yfiYFB5opQf9UOgXKDhWf08kiEs54p5OZhvLWS8T//M6sfJPnYQGUaxIgCcf+TGDKoRZM7BHBcGKjTRBWFC9K8QDJBBWur+sBHv25HnSPKrY1crxdbVYO5/WkQd7YB+UgA1OQA1cgTpoAAwewTN4BW/Gk/FivBsfk2jOmM7sgj8wPn8AAFCZCQ==</latexit>

Observation: dm(⌘j) = 0 when ⌘j = 2⇡i�j .

<latexit sha1_base64="OnByPk3/U//IzqPc4TZu3pBRY7M="></latexit>

Let T = {x0, x1, . . . , xN} be sample locations.

<latexit sha1_base64="h6BYvHMAIAyK6qQvjeMPh45c8Os="></latexit>

Let {⌘1, ⌘2, . . . , ⌘2m} be the poles of rm.

<latexit sha1_base64="Z5kbDNZ1DCZzU1fXrvhRgoVioR8="></latexit>

2

6664

`1,0 · · · · · · `1,N
...

...
`2m,0 · · · · · · `2m,N

rm(x0) · · · · · · rm(xN )

3

7775
,

<latexit sha1_base64="kLIIu/uIsouV7U0JSRVUtWhJRm4="></latexit>

`j,k = cot(⇡⌘j � ⇡xk)

<latexit sha1_base64="lBb+Lugyzg2iW8Y4qDdKgObFCzY=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOQgIY7UbQRRBvLCEaF3HHsbSZxzd4Hu3NiOPIbbPwrNhaK2FrZ+W/cnCk08cHA2/dm2JkXJFJotO0vqzA1PTM7V5wvLSwuLa+UV9cudZwqDk0ey1hdB0yDFBE0UaCE60QBCwMJV0HvdOhf3YHSIo4usJ+AF7JuJDqCMzSSX665IKWf3W73BvSIujzGKnUTQV1A5t/Snfxx7/dozS9X7Lqdg04SZ0QqZISGX/502zFPQ4iQS6Z1y7ET9DKmUHAJg5KbakgY77EutAyNWAjay/KTBnTLKG3aiZWpCGmu/p7IWKh1PwxMZ8jwRo97Q/E/r5Vi59DLRJSkCBH/+aiTSooxHeZD20IBR9k3hHElzK6U3zDFOJoUSyYEZ/zkSXK5W3f26vvne5Xjk1EcRbJBNkmVOOSAHJMz0iBNwskDeSIv5NV6tJ6tN+v9p7VgjWbWyR9YH9/LsZum</latexit>

x0

<latexit sha1_base64="sKBHpGjL6Qiz3ZeIcTAGsVOX5+Y=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJRo9ELx4xcYEENqRbutDQdjdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8epItQnMY9VJ8Saciapb5jhtJMoikXIaTsc38789iNVmsXywUwSGgg8lCxiBBsr+dWnvlvtlytuzZ0DrRIvJxXI0eyXv3qDmKSCSkM41rrruYkJMqwMI5xOS71U0wSTMR7SrqUSC6qDbH7sFJ1ZZYCiWNmSBs3V3xMZFlpPRGg7BTYjvezNxP+8bmqi6yBjMkkNlWSxKEo5MjGafY4GTFFi+MQSTBSztyIywgoTY/Mp2RC85ZdXSate8y5ql/f1SuMmj6MIJ3AK5+DBFTTgDprgAwEGz/AKb450Xpx352PRWnDymWP4A+fzB8StjgE=</latexit>

x1

<latexit sha1_base64="hRS0ddpgxHMAJcuGPZWM1yTuND4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOSI2o</latexit>

x2

<latexit sha1_base64="rZqqRJEsDVTa/mx5dMmqIpR8GIA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>

· · ·

<latexit sha1_base64="lTWuJznysdWqyGP+caqu3RmX/YU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16qX97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALDvjzc=</latexit>

· · ·

<latexit sha1_base64="lTWuJznysdWqyGP+caqu3RmX/YU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16qX97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALDvjzc=</latexit>

xN

<latexit sha1_base64="Ukoc1OX04ocmRSd1rq39Im+bsvY=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktih6LXjxJBbcW2qVk02wbms0uSVYsS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFySCa+M436iwsrq2vlHcLG1t7+zulfcPWjpOFWUejUWs2gHRTHDJPMONYO1EMRIFgj0Eo+up//DIlOaxvDfjhPkRGUgeckqMlbzqU++22itXnJozA14mbk4qkKPZK391+zFNIyYNFUTrjuskxs+IMpwKNil1U80SQkdkwDqWShIx7WezYyf4xCp9HMbKljR4pv6eyEik9TgKbGdEzFAvelPxP6+TmvDSz7hMUsMknS8KU4FNjKef4z5XjBoxtoRQxe2tmA6JItTYfEo2BHfx5WXSqtfcs9r5Xb3SuMrjKMIRHMMpuHABDbiBJnhAgcMzvMIbkugFvaOPeWsB5TOH8Afo8wfyQ44f</latexit>

2

64
�1
...

�2m

3

75

<latexit sha1_base64="9R7iLysEhNYdRSxhqQN/XbTw7QM=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjOlohuh6MZlBfuATimZzG0bmmSGJFMsQ7/Gjb/ixkVFxJ2fYvpAtPVA4HDOueTeE8ScaeO6n05mbX1jcyu7ndvZ3ds/yB8e1XWUKAo1GvFINQOigTMJNcMMh2asgIiAQyMY3E79xhCUZpF8MKMY2oL0JOsySoyVOvlrP4Aek2kgiFHscYz9HhGCdDzfx/4wjIzGUzYX05IY+yDDn3QnX3CL7gx4lXgLUkALVDv5iR9GNBEgDeVE65bnxqadEmUY5TDO+YmGmNAB6UHLUkkE6HY6O3OMz6wS4m6k7JMGz9TfEykRWo9EYJN2v75e9qbif14rMd2rdspknBiQdP5RN+HYRHjaGQ6ZAmr4yBJCFbO7YtonilBjm83ZErzlk1dJvVT0ysWL+3KhcrOoI4tO0Ck6Rx66RBV0h6qohih6Qi9ogt6cZ+fVeXc+5tGMs5g5Rn/gfH0D2xGmpw==</latexit>

=

2

64
0
...
0

3

75

<latexit sha1_base64="GP/7GfEz50zvHt5raWM4twrT1to=">AAACGHicbZDLSsNAFIYn9VbrrerSzWARXNVEKroRim5cVrAXaEKZTE7aoZNJmJkUS+hjuPFV3LhQxG13vo3TC6KtBwY+/v8c5pzfTzhT2ra/rNzK6tr6Rn6zsLW9s7tX3D9oqDiVFOo05rFs+UQBZwLqmmkOrUQCiXwOTb9/O/GbA5CKxeJBDxPwItIVLGSUaCN1imf4Grs+dJnI/IhoyR5H2HZd7A6CWCtsyHZBBD9mp1iyy/a08DI4cyihedU6xbEbxDSNQGjKiVJtx060lxGpGeUwKripgoTQPulC26AgESgvmx42widGCXAYS/OExlP190RGIqWGkW86zX49tehNxP+8dqrDKy9jIkk1CDr7KEw51jGepIQDJoFqPjRAqGRmV0x7RBKqTZYFE4KzePIyNM7LTqV8cV8pVW/mceTRETpGp8hBl6iK7lAN1RFFT+gFvaF369l6tT6sz1lrzprPHKI/ZY2/AdmFn7Q=</latexit>



exponential sum to barycentric:

CPQR-selected interpolation points

rt,�m (x) =

P2m
j=1 �jfj cot (⇡(x� tj))

P2m
j=1 �j cot (⇡(x� tj))

<latexit sha1_base64="HcKpf73fl9CROxtkpAZIXY1t1wA="></latexit>

rm(x) = F�1(Rm)(x)

<latexit sha1_base64="VAYjxbQ/Ql3Q3jPIKc7Jo7xHRhY=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VoF5ZEKroRioK4rGIf0MYwmU7aoTNJmJmIJeQD3Pgrblwo4tYPcOffOGm70NYDA4dzzmXuPV7EqFSW9W3kFhaXllfyq+ba+sbmVmF7pynDWGDSwCELRdtDkjAakIaiipF2JAjiHiMtb3iR+a17IiQNg1s1iojDUT+gPsVIacktFIXLSw9leAa7HKkBRiy5TO+SQzst3bi8rC3T1CmrYo0B54k9JUUwRd0tfHV7IY45CRRmSMqObUXKSZBQFDOSmt1YkgjhIeqTjqYB4kQ6yfiYFB5opQf9UOgXKDhWf08kiEs54p5OZhvLWS8T//M6sfJPnYQGUaxIgCcf+TGDKoRZM7BHBcGKjTRBWFC9K8QDJBBWur+sBHv25HnSPKrY1crxdbVYO5/WkQd7YB+UgA1OQA1cgTpoAAwewTN4BW/Gk/FivBsfk2jOmM7sgj8wPn8AAFCZCQ==</latexit>

x0

<latexit sha1_base64="sKBHpGjL6Qiz3ZeIcTAGsVOX5+Y=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJRo9ELx4xcYEENqRbutDQdjdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8epItQnMY9VJ8Saciapb5jhtJMoikXIaTsc38789iNVmsXywUwSGgg8lCxiBBsr+dWnvlvtlytuzZ0DrRIvJxXI0eyXv3qDmKSCSkM41rrruYkJMqwMI5xOS71U0wSTMR7SrqUSC6qDbH7sFJ1ZZYCiWNmSBs3V3xMZFlpPRGg7BTYjvezNxP+8bmqi6yBjMkkNlWSxKEo5MjGafY4GTFFi+MQSTBSztyIywgoTY/Mp2RC85ZdXSate8y5ql/f1SuMmj6MIJ3AK5+DBFTTgDprgAwEGz/AKb450Xpx352PRWnDymWP4A+fzB8StjgE=</latexit>

xN

<latexit sha1_base64="Ukoc1OX04ocmRSd1rq39Im+bsvY=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktih6LXjxJBbcW2qVk02wbms0uSVYsS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFySCa+M436iwsrq2vlHcLG1t7+zulfcPWjpOFWUejUWs2gHRTHDJPMONYO1EMRIFgj0Eo+up//DIlOaxvDfjhPkRGUgeckqMlbzqU++22itXnJozA14mbk4qkKPZK391+zFNIyYNFUTrjuskxs+IMpwKNil1U80SQkdkwDqWShIx7WezYyf4xCp9HMbKljR4pv6eyEik9TgKbGdEzFAvelPxP6+TmvDSz7hMUsMknS8KU4FNjKef4z5XjBoxtoRQxe2tmA6JItTYfEo2BHfx5WXSqtfcs9r5Xb3SuMrjKMIRHMMpuHABDbiBJnhAgcMzvMIbkugFvaOPeWsB5TOH8Afo8wfyQ44f</latexit>

x1

<latexit sha1_base64="hRS0ddpgxHMAJcuGPZWM1yTuND4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOSI2o</latexit>

x2

<latexit sha1_base64="rZqqRJEsDVTa/mx5dMmqIpR8GIA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>

· · ·

<latexit sha1_base64="lTWuJznysdWqyGP+caqu3RmX/YU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16qX97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALDvjzc=</latexit>

· · ·

<latexit sha1_base64="lTWuJznysdWqyGP+caqu3RmX/YU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16qX97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALDvjzc=</latexit>

2

64
�1
...

�2m

3

75

<latexit sha1_base64="9R7iLysEhNYdRSxhqQN/XbTw7QM=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjOlohuh6MZlBfuATimZzG0bmmSGJFMsQ7/Gjb/ixkVFxJ2fYvpAtPVA4HDOueTeE8ScaeO6n05mbX1jcyu7ndvZ3ds/yB8e1XWUKAo1GvFINQOigTMJNcMMh2asgIiAQyMY3E79xhCUZpF8MKMY2oL0JOsySoyVOvlrP4Aek2kgiFHscYz9HhGCdDzfx/4wjIzGUzYX05IY+yDDn3QnX3CL7gx4lXgLUkALVDv5iR9GNBEgDeVE65bnxqadEmUY5TDO+YmGmNAB6UHLUkkE6HY6O3OMz6wS4m6k7JMGz9TfEykRWo9EYJN2v75e9qbif14rMd2rdspknBiQdP5RN+HYRHjaGQ6ZAmr4yBJCFbO7YtonilBjm83ZErzlk1dJvVT0ysWL+3KhcrOoI4tO0Ck6Rx66RBV0h6qohih6Qi9ogt6cZ+fVeXc+5tGMs5g5Rn/gfH0D2xGmpw==</latexit>

=

2

64
0
...
0

3

75

<latexit sha1_base64="GP/7GfEz50zvHt5raWM4twrT1to=">AAACGHicbZDLSsNAFIYn9VbrrerSzWARXNVEKroRim5cVrAXaEKZTE7aoZNJmJkUS+hjuPFV3LhQxG13vo3TC6KtBwY+/v8c5pzfTzhT2ra/rNzK6tr6Rn6zsLW9s7tX3D9oqDiVFOo05rFs+UQBZwLqmmkOrUQCiXwOTb9/O/GbA5CKxeJBDxPwItIVLGSUaCN1imf4Grs+dJnI/IhoyR5H2HZd7A6CWCtsyHZBBD9mp1iyy/a08DI4cyihedU6xbEbxDSNQGjKiVJtx060lxGpGeUwKripgoTQPulC26AgESgvmx42widGCXAYS/OExlP190RGIqWGkW86zX49tehNxP+8dqrDKy9jIkk1CDr7KEw51jGepIQDJoFqPjRAqGRmV0x7RBKqTZYFE4KzePIyNM7LTqV8cV8pVW/mceTRETpGp8hBl6iK7lAN1RFFT+gFvaF369l6tT6sz1lrzprPHKI/ZY2/AdmFn7Q=</latexit>

Greedily select columns to form the most well-conditioned submatrix.

<latexit sha1_base64="XzNOvFtjnlEgmNrDWQhr77+vC+8="></latexit>

1. CPQR to choose candidates for barycentric nodes.

<latexit sha1_base64="SCHOIzWKskRejEdnKhU3psd1jZk=">AAACHnicbZBNSwMxEIazftb6VfXoJVgET8tusehR7MVjK1aFWspsdlZDs8mSZIVS/CVe/CtePCgieNJ/Y7btQVvn9PK+M8nME2WCGxsE397c/MLi0nJppby6tr6xWdnavjQq1wzbTAmlryMwKLjEtuVW4HWmEdJI4FXUbxT51T1qw5W8sIMMuyncSp5wBtZZvUqdhj5tNFvn1CrK7pQySBnImMdg0dBEaRqBHjCUVnNGpYrR+LRXqQZ+MCo6K8KJqJJJNXuVz5tYsTx1zzABxnTCILPdIWjLmcCH8k1uMAPWh1vsOCkhRdMdjs57oPvOiUerJEpaOnJ/TwwhNWaQRq4zBXtnprPC/C/r5DY57g65zHKLko0/SnJRoChY0ZhrZFYMnACmudvVIQINzDqiZQchnD55VlzW/PDQr7dq1ZPTCY4S2SV75ICE5IickDPSJG3CyCN5Jq/kzXvyXrx372PcOudNZnbIn/K+fgC4f6EQ</latexit>

2. Regularization procedure: Constrained optimization to subselect from
candidate nodes + find weights � = {�1, . . . , �2m}.

<latexit sha1_base64="FFejozERSX/gFV/1r2NjDcO/syc="></latexit>

Column-pivoted QR (CPQR)

<latexit sha1_base64="kmxwkRTQLo0U/sShhxu4zZBIdU8=">AAACDXicbVC7TgJBFJ3FF+ILtbSZiCZYSHaJRksijSUQeSRAyOzsBSbMzm5mZknIhh+w8VdsLDTG1t7Ov3EWKBQ8ySQn55ybO/e4IWdK2/a3lVpb39jcSm9ndnb39g+yh0cNFUSSQp0GPJAtlyjgTEBdM82hFUogvsuh6Y7Kid8cg1QsEA96EkLXJwPB+owSbaRe9qwTCQ9kMh6bdOSLy5CNAw0ertZwvlyp1i6mvWzOLtgz4FXiLEgOLVDpZb86XkAjH4SmnCjVduxQd2MiNaMcpplOpCAkdEQG0DZUEB9UN55dM8XnRvFwP5DmCY1n6u+JmPhKTXzXJH2ih2rZS8T/vHak+7fdmIkw0iDofFE/4lgHOKkGe0wC1XxiCKGSmb9iOiSSUG0KzJgSnOWTV0mjWHCuCtfVYq50t6gjjU7QKcojB92gErpHFVRHFD2iZ/SK3qwn68V6tz7m0ZS1mDlGf2B9/gCQ9Zsz</latexit>

 [Golub & Busigner (1965), Chandrasekaran & Ipsen (1994), Gu & Eisenstat (1996)]

Rm(k) =
mX

j=1

!je
�jk

<latexit sha1_base64="ralH96vz/qKrfw1uDTv8iIWht24=">AAACG3icbVC7TsMwFHXKu7wKjCwWFVJZqqQCwYKEYGEERFukJo0c97Z1ayeR7SBVUf6DhV9hYQAhJiQG/ganZOB1JEvH59x77XuCmDOlbfvDKs3Mzs0vLC6Vl1dW19YrG5stFSWSQpNGPJI3AVHAWQhNzTSHm1gCEQGHdjA+y/32LUjFovBaT2LwBBmErM8o0UbyK40rX9TGe/gYuyoRfjoyzMm6qciwGwkYEH+EoZu63Izs5Zdx5leqdt2eAv8lTkGqqMCFX3lzexFNBISacqJUx7Fj7aVEakY5ZGU3URATOiYD6BgaEgHKS6e7ZXjXKD3cj6Q5ocZT9XtHSoRSExGYSkH0UP32cvE/r5Po/pGXsjBONIT066F+wrGOcB4U7jEJVPOJIYRKZv6K6ZBIQrWJs2xCcH6v/Je0GnVnv35wuV89OS3iWETbaAfVkIMO0Qk6RxeoiSi6Qw/oCT1b99aj9WK9fpWWrKJnC/2A9f4J1ECgGw==</latexit>



AAA-selected and 

CPQR-selected interpolation points

ro

<latexit sha1_base64="ACWeyZyiYeT2aLkpM6K3PsqYMmc=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwFT2W3KHosevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rb7s7u3v5B6fCopWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB2Ob2d++4kqzaR4MJOEBjEeChYxgo2VWm5F9WWlXyp7VW8OtEr8nJQhR6Nf+uoNJEljKgzhWOuu7yUmyLAyjHA6dXuppgkmYzykXUsFjqkOsvm1U3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7HU0YIoSwyeWYKKYvRWREVaYGBuQa0Pwl19eJa1a1b+oXt7XyvWbPI4inMApnIMPV1CHO2hAEwg8wjO8wpsjnRfn3flYtBacfOYY/sD5/AFPk45O</latexit>

rb

<latexit sha1_base64="5iPs9WmvwEawI4bx3+kGoE9lECw=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EmwFT2W3KHosevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rb7s7u3v5B6fCopWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB2Ob2d++4kqzaR4MJOEBjEeChYxgo2VWm5F9cNKv1T2qt4caJX4OSlDjka/9NUbSJLGVBjCsdZd30tMkGFlGOF06vZSTRNMxnhIu5YKHFMdZPNrp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdB1kTCSpoYIsFkUpR0ai2etowBQlhk8swUQxeysiI6wwMTYg14bgL7+8Slq1qn9Rvbyvles3eRxFOIFTOAcfrqAOd9CAJhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QM70o5B</latexit>

f(x) = | sin(⇡(x� 1/2))|� ⇡/2

<latexit sha1_base64="jjlXhgp+zD4DB5t9IviGpW1c4uY=">AAACDXicbVDLTgIxFO34RHyhLt00ggksgBmi0Y0J0Y1LTOSRMBPSKR1o6HQmbcdABn7Ajb/ixoXGuHXvzr+xwCwUPMlNTs+5N733uCGjUpnmt7Gyura+sZnaSm/v7O7tZw4OGzKIBCZ1HLBAtFwkCaOc1BVVjLRCQZDvMtJ0BzdTv/lAhKQBv1ejkDg+6nHqUYyUljqZHMx5+WEBXsGxLSnP2yHND4tWuVIojGER6me5kutksmbJnAEuEyshWZCg1sl82d0ARz7hCjMkZdsyQ+XESCiKGZmk7UiSEOEB6pG2phz5RDrx7JoJPNVKF3qB0MUVnKm/J2LkSznyXd3pI9WXi95U/M9rR8q7dGLKw0gRjucfeRGDKoDTaGCXCoIVG2mCsKB6V4j7SCCsdIBpHYK1ePIyaVRK1lnp/K6SrV4ncaTAMTgBeWCBC1AFt6AG6gCDR/AMXsGb8WS8GO/Gx7x1xUhmjsAfGJ8/NyKX3A==</latexit>

rb = apply PronyAAA to data directly.

<latexit sha1_base64="U7XnjZud+G+ficKyV95jSjT6BLc=">AAACE3icbVDLSgMxFM3UV62vqks3wVYQF2WmKLoRWt24rGAf0A7lTpq2oZnMkGSEofQf3Pgrblwo4taNO//GTDuIth4IHM65l5tzvJAzpW37y8osLa+srmXXcxubW9s7+d29hgoiSWidBDyQLQ8U5UzQumaa01YoKfgep01vdJ34zXsqFQvEnY5D6vowEKzPCGgjdfMnRdn18GURQxjyGNdkIOJqtYp1gHugAfeYpETzuIRxN1+wS/YUeJE4KSmgFLVu/rPTC0jkU6EJB6Xajh1qdwxSM8LpJNeJFA2BjGBA24YK8Klyx9NME3xklB7uB9I8ofFU/b0xBl+p2PfMpA96qOa9RPzPa0e6f+GOmQgjTQWZHepHPEmcFPST2BAgkpm/YjIECUSbGnOmBGc+8iJplEvOaenstlyoXKV1ZNEBOkTHyEHnqIJuUA3VEUEP6Am9oFfr0Xq23qz32WjGSnf20R9YH9+Q1ZwZ</latexit>

ro = apply Prony’s method to Fourier coe�cients to get Ro,

<latexit sha1_base64="ttKMF1Vc5xHazbaeBbrCY7uWRUg="></latexit>

then compute

<latexit sha1_base64="K7jG5Zf3zhMNUpxSRoTbhyiiIFU=">AAACFXicbVDLSgMxFM3UV62vUZdugm2hgpaZouhGKArisop9QFuHTJq2oZlkSDJCGfoTbvwVNy4UcSu482/MtF1o64HA4Zx7yT3HDxlV2nG+rdTC4tLySno1s7a+sbllb+/UlIgkJlUsmJANHynCKCdVTTUjjVASFPiM1P3BZeLXH4hUVPA7PQxJO0A9TrsUI20kzz7M6D7hEIsgjDSB+VwrQLqPEYuvRvfxkTsq3HriAJ5D6YmcZ2edojMGnCfulGTBFBXP/mp1BI4CwjVmSKmm64S6HSOpKWZklGlFioQID1CPNA3lKCCqHY9TjWDeKB3YFdI8ruFY/b0Ro0CpYeCbyeRmNesl4n9eM9Lds3ZMeZKY48lH3YhBLWBSEexQSbBmQ0MQltTcCnEfSYS1KTJjSnBnI8+TWqnoHhdPbkrZ8sW0jjTYA/ugAFxwCsrgGlRAFWDwCJ7BK3iznqwX6936mIymrOnOLvgD6/MHgH6dIg==</latexit>

F�1(Ro) = ro using CPQR-selected barycentric nodes.

<latexit sha1_base64="VYlvsIPudzlVSo44e8yCL3Y9Hwk="></latexit>

Example:  



f(x) = | sin(⇡(x� 1/2))|� ⇡/2

<latexit sha1_base64="jjlXhgp+zD4DB5t9IviGpW1c4uY=">AAACDXicbVDLTgIxFO34RHyhLt00ggksgBmi0Y0J0Y1LTOSRMBPSKR1o6HQmbcdABn7Ajb/ixoXGuHXvzr+xwCwUPMlNTs+5N733uCGjUpnmt7Gyura+sZnaSm/v7O7tZw4OGzKIBCZ1HLBAtFwkCaOc1BVVjLRCQZDvMtJ0BzdTv/lAhKQBv1ejkDg+6nHqUYyUljqZHMx5+WEBXsGxLSnP2yHND4tWuVIojGER6me5kutksmbJnAEuEyshWZCg1sl82d0ARz7hCjMkZdsyQ+XESCiKGZmk7UiSEOEB6pG2phz5RDrx7JoJPNVKF3qB0MUVnKm/J2LkSznyXd3pI9WXi95U/M9rR8q7dGLKw0gRjucfeRGDKoDTaGCXCoIVG2mCsKB6V4j7SCCsdIBpHYK1ePIyaVRK1lnp/K6SrV4ncaTAMTgBeWCBC1AFt6AG6gCDR/AMXsGb8WS8GO/Gx7x1xUhmjsAfGJ8/NyKX3A==</latexit>

rb = apply PronyAAA to data directly.

<latexit sha1_base64="U7XnjZud+G+ficKyV95jSjT6BLc=">AAACE3icbVDLSgMxFM3UV62vqks3wVYQF2WmKLoRWt24rGAf0A7lTpq2oZnMkGSEofQf3Pgrblwo4taNO//GTDuIth4IHM65l5tzvJAzpW37y8osLa+srmXXcxubW9s7+d29hgoiSWidBDyQLQ8U5UzQumaa01YoKfgep01vdJ34zXsqFQvEnY5D6vowEKzPCGgjdfMnRdn18GURQxjyGNdkIOJqtYp1gHugAfeYpETzuIRxN1+wS/YUeJE4KSmgFLVu/rPTC0jkU6EJB6Xajh1qdwxSM8LpJNeJFA2BjGBA24YK8Klyx9NME3xklB7uB9I8ofFU/b0xBl+p2PfMpA96qOa9RPzPa0e6f+GOmQgjTQWZHepHPEmcFPST2BAgkpm/YjIECUSbGnOmBGc+8iJplEvOaenstlyoXKV1ZNEBOkTHyEHnqIJuUA3VEUEP6Am9oFfr0Xq23qz32WjGSnf20R9YH9+Q1ZwZ</latexit>

ro = apply Prony’s method to Fourier coe�cients to get Ro,

<latexit sha1_base64="ttKMF1Vc5xHazbaeBbrCY7uWRUg="></latexit>

then compute

<latexit sha1_base64="K7jG5Zf3zhMNUpxSRoTbhyiiIFU=">AAACFXicbVDLSgMxFM3UV62vUZdugm2hgpaZouhGKArisop9QFuHTJq2oZlkSDJCGfoTbvwVNy4UcSu482/MtF1o64HA4Zx7yT3HDxlV2nG+rdTC4tLySno1s7a+sbllb+/UlIgkJlUsmJANHynCKCdVTTUjjVASFPiM1P3BZeLXH4hUVPA7PQxJO0A9TrsUI20kzz7M6D7hEIsgjDSB+VwrQLqPEYuvRvfxkTsq3HriAJ5D6YmcZ2edojMGnCfulGTBFBXP/mp1BI4CwjVmSKmm64S6HSOpKWZklGlFioQID1CPNA3lKCCqHY9TjWDeKB3YFdI8ruFY/b0Ro0CpYeCbyeRmNesl4n9eM9Lds3ZMeZKY48lH3YhBLWBSEexQSbBmQ0MQltTcCnEfSYS1KTJjSnBnI8+TWqnoHhdPbkrZ8sW0jjTYA/ugAFxwCsrgGlRAFWDwCJ7BK3iznqwX6936mIymrOnOLvgD6/MHgH6dIg==</latexit>

F�1(Ro) = ro using CPQR-selected barycentric nodes.

<latexit sha1_base64="VYlvsIPudzlVSo44e8yCL3Y9Hwk="></latexit>

Re

<latexit sha1_base64="k5jLFf/EsjZQ4sGJ+12BYw/Gqas=">AAAB7HicbVBNT8JAEJ3iF9Yv1KOXRjDxRFqi0SPRi0c0FkigIdtlChu222Z3a0IIv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemHKmtOt+W4W19Y3NreK2vbO7t39QOjxqqiSTFH2a8ES2Q6KQM4G+ZppjO5VI4pBjKxzdzvzWE0rFEvGoxykGMRkIFjFKtJF8u/KAlV6p7FbdOZxV4uWkDDkavdJXt5/QLEahKSdKdTw31cGESM0ox6ndzRSmhI7IADuGChKjCibzY6fOmVH6TpRIU0I7c/X3xITESo3j0HTGRA/VsjcT//M6mY6ugwkTaaZR0MWiKOOOTpzZ506fSaSajw0hVDJzq0OHRBKqTT62CcFbfnmVNGtV76J6eV8r12/yOIpwAqdwDh5cQR3uoAE+UGDwDK/wZgnrxXq3PhatBSufOYY/sD5/AFlMjbs=</latexit>

Im

<latexit sha1_base64="Yh4vOW0FmDX/pk5jCYMecnzZvys=">AAAB7HicbVBNTwIxEJ3FL1y/UI9eGsHEE9klGj0SvegNExdIYEO6pQsNbXfTdk0I4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMi1LOtPG8b6ewtr6xuVXcdnd29/YPSodHTZ1kitCAJDxR7QhrypmkgWGG03aqKBYRp61odDvzW09UaZbIRzNOaSjwQLKYEWysFLiVe1Hplcpe1ZsDrRI/J2XI0eiVvrr9hGSCSkM41rrje6kJJ1gZRjidut1M0xSTER7QjqUSC6rDyfzYKTqzSh/FibIlDZqrvycmWGg9FpHtFNgM9bI3E//zOpmJr8MJk2lmqCSLRXHGkUnQ7HPUZ4oSw8eWYKKYvRWRIVaYGJuPa0Pwl19eJc1a1b+oXj7UyvWbPI4inMApnIMPV1CHO2hAAAQYPMMrvDnSeXHenY9Fa8HJZ47hD5zPH1e+jbo=</latexit>

Very di↵erent pole configurations,

<latexit sha1_base64="orBIRwT7IfwxALG9V2q9fCcgkzI="></latexit>

similar clustering properties.

<latexit sha1_base64="f2turfR6c0fnTJYV+n6NL51BmAo=">AAACCXicbVDLSgMxFM34rONr1KWbYBFcDTNF0WXRjcsK9gHtUDLpbRuaZIYkI5ShWzf+ihsXirj1D9z5N6btLLT1wIXDOfcm95445UybIPh2VlbX1jc2S1vu9s7u3r53cNjQSaYo1GnCE9WKiQbOJNQNMxxaqQIiYg7NeHQz9ZsPoDRL5L0ZpxAJMpCszygxVup62NVMME4UpjzTBhSTA5yqJAVlGGgfd71y4Acz4GUSFqSMCtS63lenl9BMgDSUE63bYZCaKCf2Pcph4nYyDSmhIzKAtqWSCNBRPrtkgk+t0sP9RNmSBs/U3xM5EVqPRWw7BTFDvehNxf+8dmb6V1HOZJoZkHT+UT/j2CR4GgvuMQXU8LElhCpmd8V0SBShNhLt2hDCxZOXSaPih+f+xV2lXL0u4iihY3SCzlCILlEV3aIaqiOKHtEzekVvzpPz4rw7H/PWFaeYOUJ/4Hz+ADXbmgc=</latexit>

 [Nakatsukasa , Weideman & Trefethen (2021)]

AAA-selected and CPQR-selected poles

distances from pole to singularity

<latexit sha1_base64="w5vUMm2QH+j/Be1kcMnsnh96XAU=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXaDomXQxjKCeUASwuzkbjJkHsvMrBBCeht/xcZCEVt/wM6/cTZJoYkHLhzOuZfLOVHCmbFB8O3l1tY3Nrfy24Wd3b39A//wqGFUqinUqeJKtyJigDMJdcssh1aigYiIQzMa3WR+8wG0YUre23ECXUEGksWMEuuknl/sux9EUjA41krgRHHAVmHD5CDlRDM77vmloBzMgFdJuCAltECt5391+oqmAqSlnBjTDoPEdidEW0Y5TAud1EBC6IgMoO2oJAJMdzLLMsWnTunjWGk30uKZ+vtiQoQxYxG5TUHs0Cx7mfif105tfNWdMJmkFiSdP4pTnoXNisF9poFaPnaEUJebUUyHRBNqXX0FV0K4HHmVNCrl8Lx8cVcpVa8XdeTRCSqiMxSiS1RFt6iG6oiiR/SMXtGb9+S9eO/ex3w15y1ujtEfeJ8/YFqbRQ==</latexit>


